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A METHOD FOR DETERMINING OPTIMUM RE-ENTRY TRAJECTORIES 


By 

William F. Reiter 
Grady R. Harmon 
Joe W. Reece 


SUMMARY 


The Pontryagin Maximum Principle is used to formulate the prob- 
lem of finding optimum atmospheric vehicular re-entry trajectories. 
The optimization problem is that of minimizing an integral which is 
a function of the state and control variables. The vehicle's motion 
is assumed to be influenced only by a gravitational force and an 
aerodynamic force. The problem is formulated and the necessary equa- 
tions are developed simultaneously for three sets of Euler angles. 
Computational procedures are suggested so that numerical trajectories 
may be generated. 
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I. INTRODUCTION 

This paper is an extension of previous work done by Grady Hannon 
and W. A. Shaw, presented in NASA TM X-53024, March 14, 1964. 

The objectives of this paper are (1) to present a method for 
treating optimum re-entry problems in a simplified manner and (2) to 
generalize the computational scheme outlined in the aforementioned 
paper. The computational scheme given allows for the optimization of 
any functional subject to the specified constraints. Atmospheric data, 
vehicle configuration and aerodynamic coefficients are incorporated in 

r 

the computational scheme in tabular form. Thus, different vehicles 
and/or atmospheres may be considered by changing the appropriate 'tables. 
The governing equations are developed for three different gimbal sets. 

A computational scheme is outlined for each case. 

No numerical results are available at present, but development of 
the computer deck is underway at the Electronics Research Center. 

This vrork is sponsored, in part, by a grant, NGR-01-003-008, from 
the Electronics Research Center. " , 
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II. STATEMENT OF THE PROBLEM 


The problem is that of finding the optimum control process, cty(t) , 
that will transfer a vehicle from an initial state, at time t , in an 
atmosphere to a terminal state, at time t^, in the same atmosphere 
so that the value of the functional * • 


J a 


f(x, X, 0, 0 r , 0y, 0p, a.Oy, F r ) dt 


is a minimum. The trajectory associated with this optimum control 


process is the optimum trajectory. 

The rotational motion of the vehicle is treated in a simplified 
manner. The equations governing the vehicle’s rotational motion are 
considered as a steady-state problem with only one component of the 
angular velocity vector present for any given gimbal set. A gimbal set 
is used to measure the Euler angles, 0 r , 0y, and 0p, The equations of 
motion are developed simultaneously for three different gimbal sets. 

The problem is formulated as a Pontryagin initial value problem. • 
The relative velocity equations appear as algebraic constraints. The 
yaw angle of attack, ciy(t), is the control variable. 

4 

Additional assumptions are made as follows: 

1. The motion of the vehicle is influenced by an aerodynamic 
force that acts through the vehicle's center of pressure. 

2 . The attracting body is a rotating sphere with homogeneous mass . 
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3. The vehicle's centroid of mass and centroid of volume are 
not coincident. 

4. The vehicle's center of mass is invariant with respect to • 
vhe vehicle. 

5. The center of pressure of the vehicle is invariant with 
respect to the vehicle. 

6. A system of roll control jets is available on the venicle 

that produce a pure roll couple as required by the optimum 
control process. , 
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III. COORDINATE SYSTEMS 

Three rectangular coordinate systems will be used in this paper. 

They are: * 

1. The plurabline space fixed coordinate system, 

2. The vehicle fixed missile coordinate system, 

3. The aerodynamic coordinate system. 

A. Plumb line System 

The plumbline system, Figure 1, has its origin at the earth's 
center with the Y-axis parallel to the gravity gradient at the launch 

r 

point. The X-axis is parallel to the earth fixed launch azimuth and 
the 2-axis is chosen to form a right-handed system. 

J 

B. Missile System 

The missile system, Figure 1, is located with its origin at the 

center of mass of the vehicle and its y m axis parallel to the longitudinal 

axis of the vehicle. The x m and z„ axes are chosen to form a right- 

m m e 

handed system which is parallel to the plumbline system at the launch 
point . 

As the vehicle moves along its trajectory, the missile system under- 
goes a displacement with respect to the plumbline system. This dis- 
placement is given by three Euler angles as measured by a gimbal set. 

The Euler angles uniquely specify the orientation of the vehicle at any 
time. Any particular orientation of the vehicle may be described by 

4 




different sets of Euler angles depending solely on the sequence in which 
the angles are raeasured. Therefore, it is mandatory that a specific 
sequence be followed in measuring the Euler angles. The three Euler 
angles are referred to as the yaw angle, 0^, the roll angle, 0^, and 
the pitch angle, 0 . The yaw angle is measured with respect to an 

r 

X axis. The roll angle is measured with respect to a Y axis, and the 
pitch angle is measured with respect to a Z axis. An angle is considered 
positive counterclockwise when viewed from the positive end of the axis 
about which the rotation is taken. The angles are raeasured by a set 
of gimbals on the vehicle. A gimbal set measures the Euler angles in 
a specific sequence such as pitch, yaw, and roll. . In this paper, 
equations that involve the angles yaw, roll, or pitch are developed 

r 

simultaneously for three different sets of Euler angles. The angles are 
obtained from three gimbal sets. They will be referred to as follows: 

1. . A gimbal set which measures in the order of pitch, yaw, 

roll. 

2. A gimbal set. which measures in the order of pitch, roll, 
yaw . 

3. A gimbal set which measures in the order of roll, yaw, 
pitch. 

The Euler angles are shown in Figures 2, 3, and 4. 

A position vector in the missile coordinate system may be written 
in terms of a position vector in the plumbline coordinate system. 
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The equations of transformation are given by the orthogonal rotatio; 


matrices 


ry 


CY SY 


•SY CY 


t-y 


ty 


The particular combination of the above rotation matrices that relate 
a vector in the two coordinate systems is dependent on the gimbal set 
used. The relationship for gimbal set 1 is 


[-<y [0 y ] E0pi r 


'V, * 
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wnere 




CRCP+SPSRSY 

CRSP-SRSYCP 

SRCY 

-CYSP 

CYCP 

SY 

SRCP+CRSYSP 

-SPSR-CRCPSY 

CRCY 


(lc) 


is the combined product of the rotation matrices in equation (la). 
When 0y = 90° gimbal set 1 is oriented so that 0 r and 0p are measured 
in the same direction, refer to Figure 2. This condition is referred 
to as gimbal lock. 


The relationship for gimbal set (2) is 



X* = 

[0y] (-0rl [0p] 

X 


(2a) 

or 

Xm - 

[ A d^2 X 



(2b) 

where 




- i 




CRCP 

CRSP 

SR 



t A dJ 2 = 

-CYSP-SYSRCP 

CYCP-SYSRSP 

SYCR 

(2c) 



SYSP-CYSRCP 

-SYCP-CYSRSP 

CYCRJ 



is the combined product of the rotation matrices in equation (2a) . 
Gimbal set 2 is locked .when 0 r = 90°. At this orientation, refer to 
Figure 3, 9y and 0p are measured in the same direction. 
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The relationship for gimbal set (3) is 


\ - [0 p ] [0y] [-H r ] X 

or 


- l A d) 3 x 

where 

♦ 

SPCY CPSR+SPSYCR 

CPCY -SPSR+CPSYCR 
-SY CYCR 


[Ad], 


CPCR-SPSRSY 

-SPCR-CPSRSY 

-SRCY 


(3a) 


(3b) 


(3c) 


is the combined product of the rotation matrices in equation (3a) . 
Gimbal set 3 is locked when 0y = 90°. At this orientation, refer 
to Figure 4, 0p and 0 r are measured in the same direction. 

The transformation matrices (lc), (2c), and (3c) will be referred 

to as 


(Ajj] j where i = 1 , 2 , 3 . 

Equations (lb), (2b), and (3b) are restated as 





( 4 ) 
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C. Aerodynamic Coordinate System 

The aerodynamic coordinate system is located as shown in Figure 5 

with its origin at the center of pressure of the vehicle. The Y a axis 

lies in the plane containing the vehicle longitudinal axis of symmetry 

and the relative velocity vector. The relative velocity vector, V , 

R 

is defined as the velocity of the air with respect to the vehicle as 

measured from the ir.ertial reference. The X and Z axes are chosen 

a a 

to form a right-handed system. As the vehicle moves along its tra- 
jectory, there will be a relative displacement between the missile 
fixed coordinate system and the aerodynamic coordinate system. The 
direction of the Y a axis is defined by the following rotations as shown 
in Figure 5: 

f 

1. Rotate the vehicle fixed reference frame about the Y„ 

m 

axis so that the X^ axis lies in a plane parallel to 

the plane formed by the vehicle's longitudinal axis of 

symmetry and the relative velocity vector. The angle 

traversed is referred to as the yaw angle of attack, o . 

• / 

2. Rotate about the new Z axis by the true angle of attack, a*. 
This specifies the orientation of the aerodynamic coordinate 
system. 

The true angle of attack, ci*, will be expressed in terms of the 
aerodynamic force in the next section. 
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A position vector in the aerodynamic coordinate system may be 
written in terms of a position vector in the missile fixed coordinate 
system. The orthogonal transformation matrices are 


ana 



Ca* 

-Sa* 

0 

[-a*] » 

Sa* 

Ca* 

0 


0 

0 

1 


S 

0 

m 

“ Sa y 

[a ) = • 

y 

0 

i 

0 


Soy 

0 

Ca y„ 


A positive vector in the aerodynamic coordinate system is expressed 
in terms of a position vector in the missile fix«jd reference as 


or 


where 


* a - 

[-a*] foy) ^ 

\ - 

\>f 

t — i 

< 
i— « 


Ca*COy -Sa* -Ca*Scy 

CA a ] - 

Sa*Soy Ca* -Sa*Say 


Say 0 Ccy 


. (Sa) 


. (5b) 


(5c) 
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is the combined product of the rotation matrices in equation (5a). 

The aerodynamic coordinate system transformation matrix (5c) is inde- 
pendent of the sequence used in measuring the angles yaw, roll, and 

pitch . 
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IV. MECHANICS 


A. Forces 

Two forces are assumed to act on the vehicle as it moves along 
its trajectory. It was assumed that the attracting body is a homo- 
geneous sphere. Tnus, an inverse square gravitational force is 
written in terms of the plumbline coordinates as 



-r M m X 
~ |r| 3 


( 6 ) 


The vehicle's motion is also influenced by an aerodynamic force. The 
force lies in the plane formed by the vehicle longitudinal axis of 
symmetry and the relative velocity vector and passes through the cen- 
ter of pressure of the vehicle, as shown in Figure 6. 

The components oz the aerodynamic force are defined by the 
equations 


F x = A q C x (a*) 


(7a) 


md 


F, - A q C z (a*) 


(7b) 
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A is the projected cross -section area of the vehicle and q is the 
dynamic pi'essure. C x and C, aro experimentally determined factors 
that are dependent on the vehicle's shape and the angle of attack. 
It is assumed that C- and C x are known . The aerodynamic force is 
expressed in the aerodynamic system as 


-F z Co* + F x So* 


- r Co* 


*>: 


F z So* 


.( 8 ) 


The aerodynamic force is expressed in terms of the missile fixed 
reference as " 


Fan * [*a) T F a 


.(9a) 


(Note: The symbol [A]^ is used to denote the transpose of matrix A.) 

Equation (9a) can be written in component form as 


? amx 


CCi'wGy So*COy SOy 

1 

-FaSoCo* + FaCoSo* 

F 

r aniy 

tt 

-So* Co* 0 

1 


-F a C^Co* - F a SoSo* 

r axaz 


-Co*Sciy -So*SOy Coy 


0 


When simplified, equation (9b) becomes 


F 

r any 


-SoCOy 

^amy 

•' a Pa 

-Co 

F 

r amz 

HI «H 


SoSOy 


.(9b) 


. (9c) 



’.gw*”***' PJf; • fiyt't. 


where the magnitude of the aerodyr.aar.ic rorce is 


P C \ yp ^ 4 p ^ 

* a V X r z 


and e is expressed in terns of the conpor.ents of the aerodynamic 


force through the equations 


Ca - j-^r 

r~l 


tan o = 


c ? .(q*) 

C x (a*) 


Tr.e magnitude of the aerodynamic force is related to the relative 
velocity through the dynamic pressure by the equation 


q *= 1/2 p V n 2 
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It is assumed that the atmosphere normally moves with the attracting 
body (6). Hence, at all times there is an air mass movement with 
respect to the plumblir.e coordinate system. W is a vector that represents 
any abnormal air movement. An equation expressing the velocity of the 
wind may be written as 


V wind 


ui x X + W 
e 


(13) 


The relative velocity equation is 

X = 


^wind * V R 


(14) 


' when equation (15) is substituted into equation (14) , the result 


is 


X ♦ X xu 


W 


(15a) 


or, in component form.. 


r* ^ 

r— — 


— — j 


— — 


r— — 

V 


X 


X 


fa) 


w 

RX 






ex 


X 

V 

es 

• 

Y 


Y 

X 

u) 


W 

RY 






ey 


y 

V RZ 

i 

i 

i 

Z 

1 

1 

Z 

1 


w 

eZ 



L -4 

— — 




— — 

U -1 


(15b) 


The relative velocity cay bo expressed in terms of the aerodynamic, 
missile, or plumbline coordinate system variables. The relative velocity 


! 


vector is written in the missiie coordinate s/s ten as 


[A ] V 
d • R 
i 


[A ] T -V 
a ,r 


wncre 


is the relative velocity vector in the missile system and 


is the relative velocity vector in the aerodynamic system. (Note that 

i 

equation ( 16 ) represents three possible equations depending on i.) 

The resultant force acting on the vehicle written in the plumbline 
coordinates is 


q ♦ [Adi; 


i 
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B. Couples and Mot, cats 

The motion of the vehicle is influenced by a moment and a couple. 

It is assumed that the center of pressure and the center of mass are 

invariant with respect to the vehicle. Thus, the center of pressure 

is located by a constant position vector, x , in the missile fixed 

cp 

reference. The aerodynamic moment is given by the vector product of 

the position vector, x , and the aerodynamic force, F . The aero- 

cp 

dynamic moment is written in the missile fixed reference as 


X 

15 

1- 


1 

P- 

>V.p SoSc V 

+ F o Z r n C * 

a cp 

^amy 


* * A 
u. 

z cp SaCa y 

" F a x cp SaSa y 

M amz 


* ~ 

x cp Ca 

+ F a y cp S&Ca y 


. C18a) 


(18b) 


A system of roll jets is used to produce a pure roll control couple 
about the axis. The jets are located with respect to the missile 
fixed coordinate system so that 


F 


0 

r 



0 

located at Z « 
r 

0 

0 


z 

» mm 


r 

Mb «a 


mm 
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cir*vi 


r s 

-? r 

0 

located at -Z^ = 

r~ 

o o 

1 

T2 

1 

o 

1 

r 

-z 

r 


yield a roll couple 


M = 2 (Z x F ) 

rm r r 


(19a) 


which may be expressed as 


M 


rm 


2z F 
r r 


(19b) 


The resultant moment about the center of mass of the vehicle in the 
missile fixed coordinate system is the sum of the roll couple and 

aerodynamic iitOntcn ^ 


y. 


Tm 


M + M 
am rm 


. ( 20 ) 

When equations (ISb) and (19b) are substituted into equation (20 ) , the 


result is 




F a y c? CcS °y + 

F a z cp Ca 


0 

| 

| \o " 

-F z SaCa 
a cp y 

F x SctSa 
a cp y 

+ 

2z F 
r r 

: i 

i 

- F a x cp Ca • + 

Vcp SaCa y 


0 


(21a) 


j 
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which can be reduced to 



4 ill 


Vc ? SaSa y + Vcp 0 * 


2ZJF.. - F„ z SaCo 

•*■ * a c ? y 


F x„ SaSa 

a Cp 



“^a x cp^ a + F aX cp SciCa y 


(21b) 


C. Equations of Motion 

It is possible to interpret the notion of a rigid bod/ as the sum 
of two independent effects--the motion of the center of mass of the 
vehicle with respect to an inertial coordinate system and the rotational 
motion of the vehicle about its center of mass. The motion of a rigid 
body in general requires six independent coordinates to specify its 

r 

orientation at any time. The six independent coordinates used in this 
problem are the three plumb line coordinates and three Eulerian angles. 

The translational equations of motion are written for the center 
of mass in the inertial reference as 


I 


4 

( 


$ 



or 


where 


F R = m x 


(22a) 


F g + F am 


= m X 


(22b) 


X 

Y 

•* 

Z 


J 
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V.T.en expression (6) is substituted into equation (22b), the second order 
translational conations of notion become 


x = - Li!* ♦ [a.) t 


The three second order differential equations, (22c), nay be reduced 
to six first order differential equations by. a change of variables. 


u '. = 


Vvhen the above transformation is used, the second order differential 
equations of action, (22c), reduce to 


J_ G M X T F 

u = - + [A.] _EL 


For convenience, the following definitions are made: 


g - - 


F F 

[AJ _EL a J.N = F* N. 

1 d • „ i a i 

u i m n * 


j 
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where 


and 


where 




“(SaCay) (CRCP+SRSYSP) + CaCYSP + (SaSa y ) (-SRCP+CRSYSP) 

-(SaCay) (CRSP-SRSYCP) - CaCYCP - (SaSa y ) (SPSR+CRCPSY) (27a) 
- (SaCa y ) (SRCY) - CaSY + (CRCYSaSa y ) 



-(SaCcty) (CRCP) + Ca (CYSP+SYSRCP) + SaSa y (SYSP-CYSRCP) 
-(SaCa y ) (CRSP) - Ca (CYCP-SYSRSP) - (SaSa y ) (SYCP+CYSRSP) (27b) 
- (SaCay) (SR) - Ca (SYCR) + (SaSa y ) (CRCY) 
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where 


N 


-(SaCa y )(C?CR-SPSRSY) + Ca (SPCR+CPSRSY) - SaSa y (CYSR) 


P 

= 

-(SaCa y ) (SPCY) - Ca (CPCY) - EaSa y (SY) 

(27c) 

_Q_ 

5 

-(SaCa y ) (CPSR+SPSYCR) - Ca (-SPSR+CPSYCR) + (SiSa y ) (CYCR) 



When these definitions are used in equation (24) , it may be written as 


u - g X + F* N a 


(28) 


It is convenient to write the rotational equations of motion in 
the Lagrangian form. When the Eulerian angles (pitch, roll, yaw) are 
generalized coordinates, the rotational equations of motion take the 
form 


d 

dt 


3T 

30.' 

X 1 


E)T 

" 3(3 


= M0,. 

3 3 


3 * P# y, r 


(29) 


T is the rotational kinetic energy of the vehicle and Mp. is the 
moment associated with the rotation. Based on the assumption of an 
offset center of mass, all components of the inertia matrix are assumed 
to be non-zer; . The inertia matrix is 


f 


*xx 

"*xy 

"*xz 

| 

[w] = 

-I 

I , 

-I ,, 

| 

yx 

yy 

yz 



J I ZX 

-Ijy 

*ZZ 


(30) 


i 
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The rotational kinetic energy may he expressed with respect to the missile 
fixed coordinate system as 


T = h u T [v] u 


» (31) 


where u is the angular velocity of the vehicle in the missile fixed 
coordinate system. 

Vw.cn expressions (30) and (31) are substituted into equation (29), 
the result is 






3<f>, 


M, 

V 


. (32) 


The angular velocity vector, w , is obtained from a coordinate 

« ♦ t 

transformation of the angular velocity components 0^, 0^, and ^ into 
the missile fixed reference. The transformation is dependent on the 
gimbal set used. The transformation matrix is developed for gimbal set 1. 
(Gimbal set 1 measures .the Euler angles in the order pitch, yaw, roll.) 

A coordinate transformation is not required for since it is measured 
with respect to the missile coordinate system. The angular velocity 



30 


component is expressed in the missile fixed reference by use of the 

T 

rotation matrix (-0 j . The transformation is . 


0 


missile 


i-<y 


0 

0 


The angular velocity component p is expressed in the missile fixed 

p 

reference by ase of two rotation matrices as follows 


i pi . , - iV tp P i T 

missile r 


0 

0 


rhus, the angular velocity vector 


« ■ 0 ~ * K | + K 

* missile P 


missile 


(33a) 


or, in component form, 


u xm 

ya 

1 

a 

r 

u 

o * o. 
L 

' * !-u r ) T 

1 

o • 

F 

T T 

♦ t-0 r ] [0 y ] 

0 

0 

i 

s 

M 

3 

t 


0 

J 


0 

t 

! 

• q. 

1 


(33b) 


i 


J 
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.a r velocity sector, is restated for the three gimbal sets as 


u = [A ,] i? i = 1, 2, 5 . (35) 

i 

It should be noted that the transformation matrices [A ] are not 
orthogonal . 

By use of the expressions obtained above, the rotational equations 
Oi. t«u wlv^it DCCOtitC 



33 


V " tV.*r= 
1 1 


t 



3 

y 


0 

y 

s 

& 

3 i 

a 

B r 

, and 0. ■ 

X 

0 

^r 




! 

t 

'i 

1 

u 

s t3L 

1 


1,2,3 


3 - P.y.r 


Definitions for 0 and 0 are introduced that conform to the s 
fications referred to in the problem statement. These definition 
be used throughout the remainder of the paper. For gimbal set 1: 


0 , 


for gimbal set 2: 


(A. 


0 


0 

0 

« 

and 0 ■ 

0 


1 

r 

0 


0 




0 

\ 

0 


• 

y 

0 

and 0^ ■ 

0 

0 

J 

• 

0 


(37c) 


(37d) 


impli- 
s will 
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J 

atiu 





It is noted that each of the matrices in the matrix product of 
equation (37a) is non-singular. Thus, the product is non-singular, 
and the rotational equations of motion, (36), can be reduced to the 
following form for each gimbai set. 



Three rotational equations of motion are obtained for each gimbai 
set from equation (3S) . Tne three equations may be solved for three 
unknowns. Because a particular computational procedure is anticipated, 
the equations for each gimbai set are solved for the roll force, F r , 
the angle, a, and the angular velocity component that appears. 
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Gimbal Set 1 


The three rotational equations of motion are: 


; 2 


"0r *zy “ ? a y C p s aSa y + Fa z cp^ a 


0 ■ “F a z C pSaCa y “ F^XgpSaSa ♦ 2FyZ r , (39) 


K\y ■ - F a x c P C “ * Vcp SaC “y 


The first and third of equations (39) are solved for 


a ■ arctan 


I x - I z 
zy cp xy cp 

|_ * VVj 


(41a) 


The second of equations (39) is solved for 


F r " 


F a Sa (x.„Sa„ + z~„Ca ) 
a v cp y cp y' 


2z 


r 


(43a) 


and the third is solved for 


K 


aV 


F a (y cp SaCct y ~ x cp Ca) 
J xy 


(44a) 
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Gimbal Set 2 

The rotational equations of motion are: 

0 - F Y SaSo + F Z Ca 

a cp y a cp 

• 2 

0 1 ■ -FZ SaCa - F X SaSa + 2P Z (40) 

F y xz a cp y a cp w y r r v J 

-0 2 I « -F X Co + F Y SaCo 

/ *y a C P a C P y 

The first of equations (40) is solved for 

-Z 

o ■ arctan 2L_ . (42b) 

Y So 

cp Y 


The third . of equations (40) is solved for 
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Gimbal Set 3 

The three rotational equations of motion are: 


• 2 
9 I 

F Y SoSo 

+ F Z Co 


p yz 

a cp y 

a cp 


* 7 

-0*1 ■ 
F p XZ 

-F Z SaCa 
a cp a y 

- F X SoSa v + 2FZ 
a cp y r r 

. (41) 

0 


F a Y cp^ a ^ a y 

t 


The third of equations (41) is solved for 


X cp 

a ■ arctan — t— - (42c) 

Y Co , 

cp yv 


The first of equations (41) is solved for 




V. THE RELATIVE VELOCITY CONSTRAINTS 

\ 

The fact that the relative velocity vector may be written in terms 
of the thre A , coordinate systems constitutes an algebraic constraint 
given, by 

7 rm * 'V, \ ■ [A a )? ? r - «« 

where V is the relative velocity vector expressed in the missile 
coordinate system. Vector equation (16) yields three equations for 
each gimbal set. The three equations of each set are not independent r 
Hence, they may not be solved for three unknowns. For each gimbal set, 
the three equations are solved for two angular displacements. The 
uniqueness of these angular displacements is discussed in Appendix B. 

Gimbal Set 1 

The constraint equations are: 

(CRCP+SRSYSP) V + (CRSP-SRSYCP) V n + SRSYV„, = V 

Rx Ry RZ rmx 

(-CYSP) V„ + CYCP V n + SYV m » V (45) 

.Rx Ry RZ rmy 

(-SRCP+CRSYSP) V - (SRSP+CRCPSY) V - CYV -V 

- Rx Ry RZ rmz 


■ 38 
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The first and third of equations (45) are solved for 


J V. 


SP 


RY 


- v V 


RX 


- J 2 + V 2 


RY 


^ V RX + V RY^ 


and 


CP 


J V ♦ 

RX RY 


V -\l V 2 - J 2 
RY V rx 


+ V 2 
RY 


* V RY> 


where 


J a CR V - SR V 

rmx rmz 


P 


SP 

*» arctan — 
CP 


As shown in Appendix B, equations (46) may be solved for a unique 

of 0 only if 
P 


•ns 0 * R 

P 


The second set of equations (45) is solved for 


SY 


V V 
rmy RZ 


- it V^ 


2 , - V 2 + K 2 

RZ nry 


' V RZ * **> 


(46a) 


(46b) 


(46c) 


value 


(47a) 


I 
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and 


where 


CY 


V_ v K 

rmy 


* V R2 V 


2 2 2 

/ P7 - V* + K 

RZ rmy 


< V RZ + K 2 ) 


(47b) 


K - CP V - SP V 
RY RX 


SY 

0y ■ arctan ^ 


(47c) 


As shown in Appendix B, equations (47) may be solved for a unique value 


of (5^ only if 


•JI & 0 £ n 

y 


Gimbal Set 2 


The constraint equations are: 


Vj^CRCP + v ry crsp ♦ v rz sr 


rmx 


-V^CPSRSY - V^CYSP + . V ry (CYCP-SYSRSP) + V rz SYCR ■ V (48) 


Vj^ (SYSP-CYSRCP) - V Ry (SYCP+CYSRSP) + V nz CRCY ■ V. 


RZ' 


rmz 



The second and third of equcti 
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The first of equations (48) is solved for 


SR 


V V 
RZ rmx 


V 


- G \/ V, 


RZ 


„2 _2 
V + G 
mix 


2 2 
( V R Z - G ) 


(SOa) 


and 


SR 


G V + V 
rmx RZ 


v* 


2 . v 2 

RZ rmx 


+ G 


2 1 


(v^ * c 2 ) 


(SOb) 


where 


G ■ 



+ V SP 
RY 

arctan M 
CR 


I 

r 

. (SOc) 


As shown in Appendix B, equations (SO) may be solved for a unique value 
of 0^ only if 

" n £ 0 r £ n 

Gimbal Set 3 

The constraint equations are: 


V RX (CPCR-SPSRSY) +. V Ry SPCY + V rz (CPSR+SPSYCR) - 

-V rx (SPCR+CPSRSY) + V ry CPCY + V RZ (-SPSR+CPSYCR) - V (51) 

-VrxCYSR - v ry sy + v rz cycr - v rmz 
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The first and second of equations (51) are solved for 


SR 






# 


and 


CR 



+ 




RX 


where 


CP V. 


rmx 


- SP V. 


rmy 


0 = arctan £5. 

r CR 


As shown in Appendix B # equations (52) may be solved for a unique 
of 0 r only if 


-n i 0 5 n 

r r 


The third of equations (51) is solved for 


-V „ V + B 1 / V 2 - V 2 + B 2 
RY rmz V RY rmz 

(V RY + * 


(52a) 


(52b) 


(52c) 

value 


SY - 


(53a) 
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and 


(53b) 


where 





0 >» arctan v . (53c) 

y cy 


As shown in Appendix B, equations (53) may be solved for a unique value 
of (5y only if 


-n * 0 y s n 




* 

VI. FORMULATION OF THE OPTIMIZATION PROBLEM 

The optimization problem is that of finding the optimum control 
process, a y (t) , that will transfer a vehicle from an initial state 
to a terminal state in an atmosphere in a manner so that the 
functional 

f 1 _ , • 

J » / f(X, X, jJT, 0 r , 0 y , 0 p , a, a y , F r ) dt 

*o 

is a minimum. Since the Pontryagin formulation is to be used, it is 

r 

necessary to write the Pontryagin H function for each gimbal set (5). 
Gimbal Set 1 

The Pontryagin H function is 

H 1 " r i * * + X n * u + X 7 0 r + XeJ , (55a) 


which may be expressed as 

■ Xj * I ♦ T n * (gX t F* 



t 

i 
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where 



“ "" 

1 

r * 


*1 


X 4 

- 

x 2 

, and Xjj — 

*5 


x 3 

r- -« 


*6 

mm — 


The X(t) are auxiliary variables used in a manner analogous to Lagrangian 
multipliers in the classical calculus of variations. 


Gimbil Set 2 

The Pontryagin H function is 

• • • • 

H 2 = Xjjj * X + Xjy * u +. X15 0^ + Xi$J , t56a) 

i 

which may be expressed as 


H. 



IV 


(gX 


F a >9 


IhlJ- 


F at»o C « ' 


y cp SaCa y ) 


+ X^g £(X* X, 0 2*0. 


v V 


xy 


(56b) 


where 



1 * «•* 

X 9 


X 12 

T m - 

X iO 

» and Xjy — 

X 13 


1 

V 

*-* 

L 


X 14 


/ 


r 
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Cimbal Set 3 

The Pontryagin K function is 

‘ ■ • • • 

H ■ X v • X ♦ X., * u * X 0 + X J 

3 V VI 23 P 24 

which may be expressed as 

h 3 - X v • X + X V i • (gX ♦ F*N 3 ) 




. , ^a^ cD^ a ^ a y + z CD^ a ^ « « - 

*X-\/_L_c£ I ££ + x f(X, X, 0 0 , a . a , Fj 

r 24 * / r 

yz 


where 


17 


and 


X V 


ia 


19 





, CS7a) 


(57b) 
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The expressions for the auxiliary' variables are obtained from 
the H functions as follows: 


Girabal Set 1 


^ 

A -r '9x 



i 

1 
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o 

S) « 

f t 

1 ^ ^ 

i 

1 

= 3 -?L = 0.. 


6 

ax 


Gircbal Set 2 




The expressions for the auxiliary variables are: 



% 


(60a) 


(61a) 


(58b) 





SI 


-'W - 


Qu 


= 




Qu 


Su 

<*/A 


J. 3 / p P svs^ •/ ^ cw fd(£*)* 

~ 23 \ ip ^ •' 


-a A 


5<T* 


** 9 iJ ' 


(59c) 



Equations (61a) , (61b) and (61c) imply that A , A , and X are 

8 16 24 

constant. The constant in each case is taken equal to plus cue. This 
insures that a minimization of the H function is also a minimization 
of the payoff function. 
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The necessary condition for a critical value of J is 



where 


The inequality 


i “ 1, 2, 3 



( 62 ) 


r* 


(63) 


must also be satisfied to insure a minimum of the payoff function. 
(Note: The criteria expressed in (62) and (63) are valid only if the 

H function is differentiable at each point on the trajectory.) Partial 
differentiation of the H functions as indicated in (62) and (63) pro- 
duces the equations given on the following page. 


S3 
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The algebraic ar.d differential constraint equations (28) , (42) , 
(45), (44), (46c), (47c), (49c), (50c), (52c), and (53c), and the 
characteristic equations (58) , (59) , (60) , (61) , and (64) form a 
complete set of equations for the problem. To insure that the payoff 
function has been minimized, the inequality (65) must also be satisfied. 


VII. COMPUTATIONAL PROCEDURE 


The problem formulated is of a general nature and the equations 
involved are quite complex. It is highly improbable that a closed 
form solution can be found. Therefore, no time has been spent in 
search of this type solution. A computational scheme is suggested 
in order that trajectories may be generated on a digital computer. 
For convenience in the discussion of the computational scheme, the 
principle equations are written in functional notation. 


Gimbal Set 1 


The important equations expressed in functional notation are: 
a - aCa ) 

y 

0 r = ±i T (a,a y , X, h 

0 p = V^r' “’V 

Py = 0 y (0 p , X, fl.Oy) 

I = I(X, t. 0 , a, a ) 

F » F ( a , a ) 

r r y 

- H^X, £, 0 , a. cy X.) 

<*' r 

55 


(66a) 

(67a) 

(68a) 

(69a) 

(70a) 

(71a) 

(72a) 
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X. 

1 

S 

MX, x, 0 , a, a X.) 

(73a) 



0 


s 

^(X, X, 0 , a, 0 ^, X^) s 0 

(74a) 

Gir.oal Set 2 




The important 

equat 

ions expressed in functional notation are: 


a 

c 


'(66b) 

K 

- 

i 0 y C“, <*y, X, X) 

(67b) 

K 

s 

W a ' V *' ^ 

r (6Sb) 

0 

P 

= 

0p(0 r > a. a yJ X, X) 

(69b) 

X 

= 

X(X, X, 0 , a, ot y ) 

(70b) 

F r 

= 

^ r (0y » 01 » ®y) 

(71b) 

“2 

= 

H 2 (X, T, 0 . a, tty, X.) 

(72b) 

• 

X. 

l 

C 

• • 

A.CX, X, 0, a, oy X^ 

(73b) 

3H ? 


3 _ u. _ 


1 

8 “y 

3 

H-(X, X, 0 , a, a , X ) = 0 

3 ?y y 1 

(74b) 


I 

> 



Gimbal Sot 3 


The important equations expressed in functional notation are: 


a 

s 

<“ ) 
y 

(66c) 

0 

P 

= 

1 a y> X , X ) 

(67c) 

K 

= 

0 r (^p» a * a y> X) 

(68c) 

V 

* 

0y^ r * V *’ ^ 

(69c) 

X 

:= 

XCX, i, 0 , a, a ) 

(70c) 

X? 

* 

r 

- 

F r (0 y , a, a y ) 

"(71c) 

H 3 

* 

H 3 (X, X, 0 , a, a , X A ) 

(72c) 

• 

X. 

i 

= 

X.CX, I, 0 , a, a XJ 

(73c) 

3 V 

s 

3 

H 5 (X, X, 0 , a, a , X.) = 0 

3« y 4 y 1 

(74c) 


A complete set of equations has been developed for each gimbal set. 
Therefore, three independent, but similar, computational procedures are 


S 

r 

I 

t 
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written. Ail three computational procedures require the following 
initial data: 

Atmospheric tables for p as a function of position 
Atmospheric tables for IV as a function of position 
Aerodynamic tables for C (a*) and C (a*) as a function of a* 

A *# 

Values for: 

A R 

o 


M [ti] 

r 

Plumbline position, X , and velocity, X , vectors at the initial 
* ’o J o 

point on the optimum trajectory 


t 
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Comoutar ior.nl orococ.ure for Girr.bal Sot 1 


Initial valuer for the auxiliary variables, X^, and the roll angle, 
P ,• are recuircd. It is assumed that these values are known. These 
initial data are referred to as: 


M 


Xr “ 1 » 


Preload Commutation I 


Use the initial data given to compute the following quantities 
in the order indicated. 


1. Chcose a = -ISO 0 

2. Choose the positive sign in equation (67a) and compute: 


a, o from (66a); iterate (11c) for a* 


b. 0„from (67a) 


c. 0 from (6Sa) 
P 





d. P rror. (oi/c.) 


c • X r r c~* (7Ci) 


f. H frcr.; (72c.) 


fror. (74a) 


Choose o. = a + 5 and repeat step 2. Continue until a = +150° 

y y y 

Repeat steps i through 3 using the negative sign in equation (67a) 


results of Preload Confutation I s': juld be tabulated as follows: 


on. + (67a) 


Eqn. - (67a) a H. 


A plot or f^vs should yield insight as to the number of solutions 
that exist. In addition, this plot should yield a starting value of o 
for the iteration of ecuation (74a) . 
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Preload Cor.rv.tr.ticr. I! 


5. use who positive sign in equation (67a) anti the results of 
Preload Comutation I to iterate ccuation (74a) for a . 

y 

6. Use the cy computed in step 5 to compute 


3 2 H. 


3 a. 


y 


7. If the inequality 


3 2 F 


‘1 


3a 2 

/ 


us satisfied, a minimum exists. Proceed to step 12. Use 
the positive sign in equation (67a) in all remaining cal- 
culations. If the inequality is not satisfied, proceed 
to stem S. 

A 

S. Use the negative sign in equation (67a) and the results from 
Preload Computation I rc iterate equation (74a) for a^. 

9. Use the a found in step S to commute 

y y 


3 2 H 

3a 2 

y 


1 


t 

I 
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10. CmCcK wO u S bu. C . na k 


> 0 . 


oQ, 


11. Proceed step 12. Use the negative sign in equation (67a) 
in all regaining calculations. 

"X" lir.c ccrnutrtion 


12. . Use the initial data and the correct sign (as determined in 
Preload Computation II) in equation (67a) to iterate (74a) 
for a,. 


Use the 

& co;r^u.Cu in 

y 

step 12 and the initial data 

a. a 

from equation 

(66a); iterate (lie) for a* 

b- 0 r 

fro;;; equation 

(67a) 

c. 0 ? 

from equation 

(6Sa) 

d. 0 

y 

from equation 

(69a) 

«• 

e. X 

from equation 

(70a) 

f. F 

from equation 

(71a) 

r 

, 

g. H, 

from equation 

(72a) 

h. X 
I 

from equation 

(73a) 
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i. X^ from equation (73a) 


j . X^ from equation (75a) 


14. Use a numerical integration technique to integrate 


X for X for X , 


0 for 0 
r r 


Xj for Xj 


A n £or x n 


X for X 
7 7 


15. Use the integrated values from :»tcp 14 for the new initial 
values in the "X + 1" line commutation. 


Computational procedure for Gimbal Set 2 


required. It is assumed that these values a mown. These initial 
data re referred to as: 


i 

- X . 
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4. Repeal steps 1 through 5 but use the negative sign in equation 
( 67 - 0 ) . 

The results of Preload Computation I should be tabulated as follows: 


Eqn. + (67b) 

. . 

a 

y 

u 

“2 

I'U 

£ 

3a 

y 


Eqn. - (67b) 

a 

y 

K 2 


i 

1 

1 

1 

\ 

1 

1 

i 

! 

i 

i 

1 

: 

1 

1 

! 

i 

1 

1 

* 


j 

r 


A plot of H 2 vi tty. should yield insight as to the number of solutions 
that exist. In addition, this plot should aid in selecting an initial 
value for to be used in the iteration of equation (74o). 

Preload Commutation II 


5. Use the positive sign in equation (67b) and the results 

of Preload Computation I to iterate equation (74b) for a , 

1 y 

6. Use the value of a found in steo 5 to commute 

y 




3 2 H, 

l 

So 2 " 

y 


NOT FIT, WED 




l^-tf******** * 1“ «■ r * f ' W(JTT*'"W«> 
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k 



?- t 

i 


* 

t 

i 

i 

I 

£ 

J 

I 

j 

i 

5 




I 

r 


7. If the inequality 



y 


.is satisfied a minimum exists. Proceed to „tep 12. Use the 
positive sign in equation (67b) in all remaining calculations. 
If the inequality is not satisfied, proceed to step 8. 

8. Use the negative sign in equation (67b) and the results from 
Preload Computation I to iterate equation (74b) for a . 

9. Use the value of a found in step 8 to compute 


10. Check to assure that 


11. Proceed to step 12. Use the negative sign in equation (67b) 
in all remaining calculations. 

"N" line computation 

12. Use the initial’ data and the correct sign (as determined in 
D reload Computation II) in equation (67b) to iterate equation 
(74b) for ty 


3o 2 

y 


3 2 H- 


3a 2 

y 


\ 
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Use 

CiiC 

value of * computed in step 12 and the initial data 

to 

confute : 

* 


a. 

a 

r r OtTk equ a t a on 

(66b) ; iterate (He) for a* 

b. 

0 

y 

from equation 

(67b) 

C. 

K 

▲ 

from equation 

(6Sb) 

d* 

0 

? 

from equation 

(69b) 

e. 

X 

from ^equation 

(70b) 

-C 
JL » 

r 

X* 

from equation 

(71b) 

g‘ 

H 

2 

from equation 

(72b) r 

h. 

• 

X III 

from equation 

(73b) 

i. 


from equation 

(73b) 

j- 

X 

15 

from equation 

(73b) ' • 


14. 


Use a numerical integration technique to integrate 


X for X for X 

0 

for 0 

y 

y 

X m ror X m 

** 

for * Iy 

• 

X 

for X 

15 

15 
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15. Use the integrated values computed in step 14 for the new 
initial values in the "X + 1" line computation. 


Coi7.eu~atlor.nl -procedure for Girr.bal Set 3 

Initial values for the auxiliary variables and the 
required. It is assumed that these values are known, 
data are referred to as: 


pitch angle are 
These initial 




i 


I 
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Preload Commutation I 


Use the 
in the order 


initial data giver, to compute the following quantities 
indicated. 


1. Choose & = -ISO® 

y 

2. ' Choose the positive sign in equation (67c) and compute: 

a. a from (66c); iterate (11c) for a* 

b. 0 ? from (67c) 

c. 0 from (6Sc) 

r 

d. 0 from (69c) 

y ' r 

e. X from (70c) 

f. H from (72c) 

3 

g . SH_ 

3 trom (74c) 

y 

3. Choose a y s Oy * 5® and repeat step 2. Continue until 

ciy = + ISO®. 

4. Repeat steps 1 through 3 v but use the 
(67c) . 


negative sign in equatior 
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The results of Preload Computation I should be tabulated as follows: 



A plot of Hj vs a should give ' insight as to the number of solutions 
that exist. In addition, this plot should aid in selecting an initial 
value for a v to be usea in the iteration of equation (74c) . 


Preload Comoutation II 


5. Use the positive sign in equation (67c) and the results of 
Preload Computation I to iterate equation (74c) for ey. 

6. Use the value of cy found in step S to compute 


7. If the inequality 


3 2 H, 

3 ^ 

y 


3o 2 


> 0 
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is satisfied, a ir.inir.ver. exists. Proceed to step 12. Use the 
positive sign in conation (67c) in all remaining calculations. 
If the inequality is not satisfied proceed to step 8. 

8. Use the negative sign in equation (67c) and the results from 
Preload Computation I to iterate equation (74c) for a^. 

9. Use the value of found in step 8 to compute 
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from equation (6Sc) 
from equation (69c) 
from equation (70c) 
from equation (71c) 
from equation (72c) 
from equation (73c) 
from equation (73c) 

* 

from equation (73c) 

14. Use a numerical integration technique to integrate 

X for X for X , 

0 p for 0 p 
Xy for Xy , 

K 

XyjfOT Ayj > 

X for X 
23 23 

IS. Use the integrated values computed in step 14 for the new 
initial values in the "N + 1" line computation. 


if 

i 


c. 0 

i 

d. 0 

> 

e. X 

f. F 

i 

g- H 
6 3 

h. i v 

i. i 

j. X 


VI 
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VIII. DISCUSSION 


Tha problem studied has application to cases involving the flight of 
any "unpowered" vehicle through any atmosphere- -subject to the assumptions 
given in the problem statement. For example any space vehicle returning 
to the earth's surface must pass through the earth's atmosphere. This 
paper provides a method for determining an optimum trajectory for the 
transfer of the vehicle through the atmosphere. The pay-off function to 
be minimized over the atmospheric trajectory is a function of the state 
and control variables. For example, it may be desirable to minimize 

p 

quantities such as the accumulative aerodynamic drag or the a.- odynamic 
heating. 

In order to solve the rotational equations of motion for three 
unknowns, •' t was necessary to introduce particular definitions for the 
angular acceleration, 0, and the angular velocity, 0, of the vehicle. 

The definitions essentially eliminate all angular acceleration and two 
of the three components of the angular velocity for any given gimbal set. 
Thus, response of equipment and/or crew on the vehicle to a particular 
angular velocity may dictate choice of gimbal sets. 

In the numerical generation of a trajectory, it is possible that 
an Euler angle will be computed that produces gimbal lock. A trajectory 
that produces gimbal lock is not admissible since gimbals will not func- 
tion when in the gimbal lock orientation. Should the situation of gimbal 
lock arise, a new set of initial values for the auxiliary variables may 
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be selected and a new trajectory generated. A particular set o* 
auxiliary variables will yield an optimum trajectory for each gimbal 
set. The trajectory generated will r ' be the sai^e for each gimbal set 
even though the same initial values of the auxiliary variables are 
chosen. No attempt has been made in this paper to determine the initial 
values of the auxiliary variables for any of the gimbal Lets. 
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APPENDIX A 


. Values of C_^ and for 
ace Vehicle 


± 0 

+ 1.828 

± .014 

+ 1.812 

± .028 

+ 1.772 

± .040 

+ 1.710 

± .052 

+ 1.626 

± .063 

+ 1.520 

± .074 

+ 1.33S 

± .084 

+.1.246 

± .096 

+ 1.092 

± .118 

+ .932 

± .146 

+ .768 

± .182 

+ .588 

± .224 

+ . 416 

± .283 

+ .256 

± .318 

+ .112 

± .372 

- .020 

± .426 

- .134 

t .4S6 

- .236 

± .545 

- .322 

i .596 

- .394 

± .628 

- .444 

± .650 

- .486 

t .728 

- .516 

± .756 

- .542 

+ .772 

- .566 

± .776 

- .582 

± .772 

- .586 

± .756 

- .584 

t .730 

- .576 

± .686 

- .560 

£ .628 

- .544 

± .554 

- .524 

± .468 

- 510 

± .366 

- .498 

± .248 

- .490 

± .130 

- .484 

£ 0 

- .480 
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APPENDIX B 


Uniqueness of Solution for the Euler Angles 
The relative velocity constraint equations are solved for two 
: Euler angles in each gimbal set. The identity 

i 

\ 

sin^ 0 + . cos^ 0=1 

i 

• is used. Thus, the question arises as to which sign should be used 

with the radical that app^rs.' This question is answered for each 
gimbal set by considering the way in which the coordinate systems «■ 
are defined. 

t 

l Gimbal Set 1 

f 

t 

\ A first algebraic solution of equations (45) for 0p and 0y yields 

i 

f 
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where 


CR V - SR V 
rmx rmz 


SY » 


v rmy V RZ 


1 K "\/ V| Z - V^jsy + K 


Ofe - K2) 


and 


CY 


V K 
v rmy * 


'RZ 


V 


V 


RZ 


- V: 


% 


K2) 


rmy 




(B3) 


(B4) 


where 

K «CPV RY - SP Vrx 


The identity 


SP 2 + CP 2 = 1 


is satisfied only if opposite signs appear with the radical in (Bl) and 
(B2). Let 0 r » a ** 0. Then equations (Bl) and (B2) reduce to 


SP 


1 V RX 

~^ V RX + V RY 


and 


, (B5) 


CP 


1 V RY 


+ V RY 


. (B6) 


I 


1 . 
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Consider the positive pitch angle, 0^, shown in Appendix Figure 1. 
Now restrict 0^, *Ii s P, s il , 



Coordinate System Showing A Positive Pitch Angle 
Appendix Figure 1 

Thus, the correct signs for the sine and cosine are 




, (B7) 


and 



i 
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The identity 

2 2 
SY + CY + 1 


is satisfied only if opposte signs appear with the radical in (B3) and 
(B4) . L3t cty a 90 and 0^ = 0. Then equations (33) and (B4) reduce 
to 

1 v 

SY " — , (B9) 

V V RZ * V RV 

and 



. ( 10 ) 


Consider the positive yaw angle, 0 , shown in Appendix Figure 2. Now 



Coordinate System Showing A Positive Yaw Angle 0y 
Appendix Figure 2 





81 


Thus, the correct signs for the sine and cosine are 



and 


CY 




V 

RY 


(Bll) 


(B12) 


Gir.bal Set 2 

r 


A first algebraic solution of equations (48) for 0 and 0 r yields 


and 


where 


SP 


F V + V “\ / V 2 - F 2 + V 
RX - RY V RX 1 


2 

RY 


(V 2 + V 2 ) 

^ RX RT 


CP 


- F V RY i V RX V V RX - p2 + V i 


2 

RY 


(V‘ + ) 

V RX RY' 


F » -AT CY + V SY 
rray rmz 


, C 3) 


(B14) 
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Vrz v rriX 


V v| 


+ G 2 ) 


G V rnx 1 V RZ V V RZ " V rr.x + G 2 


where 


G * V RX CP + V RY SP 


The identity 


SP 2 + CP 2 = 1 


is satisfied only if the same sign appears with the radical in (313) 
and (B14) . Let a = 0 and 0 V = 90°. Then equations (B13) and 
(314) reduce to 


± V RY 



1 V RX 
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Consider the positive pitch angle, 0p, shown in Appendix Figure 3. 

Now restrict p-, -II £ 0-> I II. 

* ' * 0 



• Coordinate System Showing A Positive Pitch Angle 

Appendix Figure 3 


Thus, the positive sign is chosen for both the sine and cosine. 


+ V 

SP ® — — — 

V v RX * V RX 


and 


* % 


V RX * V RX 


i 

ft 


CP 


V 


I 

J 


, (B19) 


. (820) 


k . 


is satisfied only if opposite signs appear with the radical in (BIS) and 


(B16) . Let a » c 0. Then equations (BIS) and (B16) reduce to 


and 



(B21) 


CR 


1 V RZ 

y* + v rx 


. (B22) 


Consider the positive roll angle, 0 r , shown in Appendix Figure 4. Now 
restrict 0 r , -H ^ 0 r ^ il. 



Coordinate System Showing A Positive Ro*j. Angle 


Appendix Figure 4 
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Thus, u*e correct signs for the sine and cosine are 


and 


SR 


'RZ 


V 


Viiz + . VRx 


, ( 323 ) 


CR 


; RX 


V' 


nz ♦ 


. (B24) 


Giitbal Set 3 


A first algebraic solutic . of equations (51) for 0 and 0 yields 


SR 


V RZ A 


i v rx ~\f y h 


t&Z ~ + Vrx 

( V RX + v Rz) 


, (325) 




where ' 


CR 



Where 


(B26) 


* 

I 



CP V. 


rmx 


- S? V. 


rmy 


~~1 




L 



86 


i'Y = — 


V RY v rr.z 


V 2 + 3 2 

v r.nz u 


(V 2 y ♦ B 2 ) 


. (3.77) 


3 V rnz + V RY V V 2 y - V-^n 2 + B 2 


CY * — 


(V 2 + B 2 ) 

1 RY ' 


(B28) 


The identity 


B = V RZ CR - V RX SR 


SR 2 + CR 2 = 1 


is satisfied only if opposite signs appear with the radical in (B2^) and 
i,B26) . Let a = 0p = 0. Then eolations (32S) and (B26) reduce to 


± v :<x 


, (32S) 


CR = 


-fvk + V RZ 


. (BSO) 


Note, eo/uatious (B29) and (330) are the same as (B21) and (B22) . The . 


identity 


SR 2 ♦ CR 2 » 1 


t 


i 
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is satisfied in the same way in cr h case. Hence, the signs for the 
sine and cosine are chosen tne same as in equations (323) and (324) . 

The identity 

SY 2 + CY 2 ^ 1 

is satisfied only if the same sign appears with the radical in (327) and 
(32S) . Let a = 0 r = 0. Then equations (32/) and (B28) reduce to 

1 V RZ 

sy = — :-.z - , (331) 

y v ry * v lz 

and 

v Vqy 

CY = " 7 - : . (B32) 

Consider the positive yaw angle, 0y, shown in Appendix Figure S. Now 
restrict 0y, -H = 0y = IT. 



Coordinate System Showing A Positive v aw Angle 
Appendix Figure S 
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Thus, the positive sign is chosen for both the sir.c and cosine. 


SY 


* V RZ 

~\J V l Z + V RY 


and 


CY 


+ V R y 



(B33) 


(334) 
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RESEARCH ON 

DEVELOPMENT OF EQUATIONS FOR PERFORMANCE TRAJECTORY COMPUTATIONS 


During the period November 1, 1967, to May 1, 1S6L, at the suggestion 
of Mr. W. E. Miner of NASA, ERC, Cambridge, Massachusets , r..ajor emphasis 
, was placed on investigating the analytical foundation of the Hamilton-Jacobi 
theory from the standpoint of its possible applications of space flight. 
Several references were obtained, as listed in the back of this report, and 
a study of previous work by several authors was undertaken, 
j As of May 1, 1968, a specific problem area had been defined as follows. 

I 

To attempt to utilize the first order perturbatin theory, which has 
been developed for the motion of a uniaxial satellite in a gravitational 
field (reference 8) in studying the motion of a triaxial satellite in a 
gravity field. Also to expand the theory for the uniaxial case to higher 
order. 
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ABSTRACT 


The problem considered in this report is that of predicting a 
minimum fuel trajectory for a six degree of freedom vehicle which has 
a motion characterized by the first order differential equations of 
translational and rotational dynamics. The thrust direction and cen- 
ter of gravity of the vehicle are assumed to be fixed with respect to 
tne vehicle. Thrust magnitude and the control moment are used as con- 
trol variables and appear linearly in the equations of motion. 

Pontryagin's Maximum Principle is used to solve the variational 
problem. With this formulation, the extremal controls are bang-bang 
with the exception of the singular case. A unique feature of this 
problem is a combination of nonlinear state and linear control will 
allow the computation of the initial values of the Lagrange multipliers 
by an appropriate choice of some of the initial states. Initial values 
of the multipliers are always necessary for the complete solution, but 
no process is generally available for their determination. 



NOMENCLATURE 


‘(i) 


C D 

c L 

T 

G 

H 


IRf 

M 

H 

Pi 


Po 

r 

s 

t 

T 


Matrix transformation from plumbline system 
to vehicle system 

Exit area of vehicle engines 

Matrix transformatic or ^ vector into vehicle 
system 

Abbreviation for cosine 
Control variable vector 
Coefficient of drag 
Coefficient of lift 
Force vector 
Gravitational constant 
Hamiltonian 
Total mass of vehicle 

Mass flow rate of air through vehicle engines 
Mass of vehicle's fuel 
Mass of earth 
Moment vector 

Exit pressure of vehicle engines 
Freestream pressure 
Arbitrary vector 
Abbreviation for sine 
Time 

Rotational kinetic energy of vehicle 



Translational velocity of vehicle 

Exit velocity of air and fuel of vehicle engines 

Freestream velocity 

Translational position of vehicle 

Position vector of center of pressure in vehicle 
system 

State variable vector 

Angle between y-axis and relative velocity vector 

Angle measured in xz-plane from x-axis, locating 
plane containing relative velocity vector and 
y-axis 

Lagrange multiplier vector 

Inertia tensor of vehicle in vehicle coordinate 
system 

Freestream air density 

Eulerian angular position of vehicle 

Time rate of change of 

Angular velocity vector in vehicle coordinate 
system 

Subscripts 

Relating to aerodynamic force 

Relating to pitching motion about vehicle's z-axis 

Relating to rolling motion about vehicle's y-axis 

Relating to thrust force 

Relating to vehicle coordinate system 

Relating to yawing motion about vehicle's x-axis 


INTRODl’CTION 


The Maximum Principle is a mathematical optimization process, 
yielding a continuous set of controls, as contrasted with the computer 
search technique of optimization. One of the primary drawbacks of the 
Maximum Principle is the necessity for determining the initial values 
of the Lagrange multipliers. Since no physical significance is attached 
to the Lagrange multipliers, a system of assumed initial values is com- 
monly used with the hope that a maximum can be found. 

In the problem formulated in this paper, a unique situation 
arises: the Hamiltonian is linear in the control variables and nonlinear 
in the state variables. If these nonlinearities are used with appro- 
priate nonrestrictive initial values for some of the states, a set of 
equations is produced which can be solved for the initial Lagrange 
multipliers. Thus, a complete extremal solution can be found for the 
optimization problem presented in this report. 



coordinate systems 


Two coordinate systems are used to describe the motion of the 
vehicle. One of these, the plumbline system, is fixed to the earth's 
center and is assumed to be a primary inertial system. The other is 
fixed to the vehicle at the center of gravity and moves with the 
vehicle. The directions of the vehicle axes are shown in Figure 1. 

The position of the center of gravity of the vehicle is given by its 
Cartesian coordinates relative to the plumbline system. The angular 
orientation is given by a series of three consecutive rotations, which 
are illustrated in Figure 2. From an initial position in which all 
axes of the vehicle and plumbline systems are parallel, the following 
rotations are made about the vehicle's center of gravity: 

1) Yawing rotation <{y about the x axis 

2) Pitching rotation <J»p about the z axis 

3) Rolling rotation -<J> r about the -y axis 

Consequently, 

r v = [-<l> r ]l^p][«(y]r = [A D ]r 

or 


r v = 


CRCP CRSPCY - SRSY CRSPSY + SRCY 
-SP CPCY CPSY 


-CPSR 


-SPSRCY - SYCR 


-SRSPSY + CYCR 




Figure 2. Euler Angles 


I 


PROBLEM FORMULATION 


The minimization of the performance index 


\ ill be accomplished through utilization of the Maximum Principle. 
Thus, for a minimum of 


mfdt. 


a maximum of the Hamiltonian H is desired, where H is defined as 


H 5 A • X 


where Y is the state variable vector and A is the Lagrange multiplier 
vector. 

The state variables chosen for this problem_are the^ transla- 
tional and rotational position and velocity x, u, $, and ty, respec- 
tively. From a knowledge of mechanics, the state equations are as 
follows: 


F/m - mu/m 


[B]H + [C]tfT + [F]IT 
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Thus, the Hamiltonian becomes 


H ■ X 0 mf + X j • u + Ajj • - nr) * *IH 

• ? + X IV • ( [B]Bf + [C]H * [F]D) 

After substitution of the forces and moments discussed in the appendix, 
the Hamiltonian takes the following form: 


H 


>o [ & ^J Eah - Vo) - *i(Pi --lol] ( r[ .;, j u 

L F a r . ,T F t GM - 
'Y i" + [a d 3 HT - Ixp x 


+ malvi^vo) A A i (Pi - Po) - Ft g- 
vjm 

+ Xjjj • ip + Xjy • {[B]M + [C]ip + [F]D} 


From the Hamiltonian, the necessary conditions can be obtained as 



Expanding into scalar form, these equations become: 





1 ( A II * E ) fl 1 + GM (jfp- - jlp) 


*0 ^ v 0 

Vj 3u " A 1 ‘ 


b *&?. . x , - Au_l 1 l£a + hJ„ + v 

Vj 3v 2 m 3v Vjm^ o 3v 


X Q 3v n Xjt • E* 3F a X 4 f 3v 

Vj 3w - x 3 - m 3w + Vjm^ v o + 3w 


T T Jjg Fa , 5[A n ] T Ft r 

II 1 9<J)y in 3 4>y- m IV 

{ 


!_ ibjm * |_ rci* - C tPiD) 


r ilMl M r 

' A II j 3 <j> r m 34> r m r A IV 

• & m**!* 

- . k fn 4 3[A D ] T Jj\ . r 

" A II p<j)p m D<(»p m r A IV 


[B]M ♦ [C]v * 1^ (MB) 

• ( I c i. ♦ h am ) 


( 2 ^i2 + 
\ i-1 


k am ) 




b 



The solution of these equations for a depends on the initial values of 
A. Since no physical significance can be given to the Lagrange multi- 
pliers, some method must be developed to determine their initial values. 
When one realizes that the Hamiltonian is of the form 


H 




M, 


the possibility arises that the nonlinear function of state can be 
made zero at the initial time by an appropriate choice of initial 
state without the necessity of all states being zero. Consequently, 
since on an optimal path H * 0, the remainder of the Hamiltonian must 
be zero; i.e. , 


3H 

3F t 


Ft 



M 


0 


Since F t and M, in 


general, are not zero. 


3H 

3F t 


0 and fj| = 0 


r 


This is the normal necessary condition used for the case of nonlinear 
controls. 


_ If one chooses the initial state to be a position of rest, i.e., 
^ * 0 and u = 0, and if one selects an initial thrust which satisfies 
the equation 


-(x„x ♦ x 5 y ♦ x 6 z) ♦ x^Eafyj -v->), + A ifp,i - Pal) * o 

the coefficients of the controls are zero at the initial time step, 
allowing an analytic solution for the unknown initial values of the 
twelve variable Lagrange multipliers. If one uses these initial values, 
the given differential equations can be solved for the time history of 
A. Similarly, the state equations can be solved for a time history of 
the state variables. 
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Extremal control is determined by the coefficients of the con- 
trol variables. Since the Hamiltonian is linear in all controls, the 
extremal control is bang-bang unless the control coefficient is zero; 
i.e., if 


dH 

aq > 

o. 

c i 

Ci MAX 

3H 

aq < 

o. 

q 

= C iMIN 


i - F t ,M 
i = Ft,M 


For the singular control case of a zero coefficient over a non- 
zero time interval, the equation(s) 



i * Ft or M* or My or M 2 


can be added to the differential multiplier equations over the appropri 
ate time period to solve for the extremal control. 
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CONCLUSIONS 


A set of initial values of the Lagrange multipliers for the 
state problem can be found analytically through a choice of appro- 
priate initial velocities. This is by no means a unique solution 
to the problem, but it is a method of making a feasible choice of 
initial multipliers for a certain realizable initial state. The 
actual numerical solution of the equations should present no major 
difficulties if the intial values are no longer a problem. 

This method of solving for the initial Lagrange multipliers 
will not be applicable to most problems. With the selection of an 
appropriate number of initial states, the problem becomes too 
restrictive to be of any great general value. 
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APPENDIX: MATHEMATICAL MODEL 


A mathematical model for the basic mechanics of the problem 
will be deduced using the separability of the rotational and trans- 
lational motions of a rigid body. The forces and moments will be 
discussed first. 


A. Forces 


An aerodynamic force F a is assumed to act at the vehicle's 
center of pressure. The orientation of the aerodynamic force is 
determined by two rotations from the vehicle system to a new coor- 
dinate system denoted by r a . The rotations align the aerodynamic 
force with the -y a axis. The maneuvers necessary for this align- 
ment (Appendix Figure 1) are: 

1) Roll «y about the y axis. 

2) Pitch a about the i axis to align the y axis with 
the relative velocity vector. 

Thus, r a * [-<*] [cty]r. 


CENTER OF PRESSURE 



Appendix Figure 1. Aerodynamic Force System 
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The magnitude of F a is given by 

I Fa I - J VqW * Cl 2 ) 1 ' 2 


A thrust force F T is assumed to act along the longitudinal axis 
of the aircraft. The magnitude of this force is given by 

|F T | = m a (vj - v 0 ) + m f Vj + Aj ( Pj - p Q ) 

where m a , Vj, and pj are known functions of |F<j>| for a given engine. 

The gravitational force of a spherical earth acting at the center 
of gravity of the vehicle is 


F 



B. Moments 

An aerodynamic moment and a thrust moment are present as a 
result of the nonconcurrency of the center of pressure and the center 
of gravity. Collectively, the moments are 




1 


0 


[-ay] [a] 

Fa 

■f- 

f t 

> 

l 

_ 0 _ 


0 

4 


where x cp is the position vector of the center of pressure in the 
vehicle system. 

The control surface moment Mp is a control of the optimization 
problem. These are the collective moments resulting from the flaps, 
ailerons, and all other vehicle control surfaces. 


Clasle's theorem for rigid body motion states that the motion 
may be divided into a pure translation of the center of gravity and a 
pure rotation about the center of gravity. Therefore, for the trans- 
lational motion, the following equation results from Newton's law: 

- F mu 
u » - - — 
m m 



! 
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or 


u 


— Fa fi J Ft GM — 
E ^ ♦ [A D ] ^ - f=pj x 


m 


where 


and 


+ °> a (vj -Vn) * Aifpj - p n ) 
vjm 

B - [+ y ) T t+p] T [-♦ r ) T ! «yl [«1 -[^7 

[Aq] = [~M [*p] t + V] 


_Ft - 

— L u 


The rotational motion equation is obtained from energy consider- 
ations. The rotational kinetic, energy in matrix form is 

T = j u T [y]w 

where to is the vehicle-fixed angular velocity vector and [y] is the 
inertia tensor for motion about the vehicle axes. The Lagrangian form 
for generalized coordinates of angular character is 


d /3T \ 3T .. 


When one carries out the indicated operations, the Lagrangian equations 
become : 






After substitution of the angular velocity components of <|>p, 4>y , and 7 r 
for C in the vehicle system and simplification, the resulting equation 
is 


[B]M ♦ [C]? ♦ [F]D 


T" 
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Semi-Annual Report on NASA Grant NGR-01-003-008 


RESEARCH. ON 

DEVELOPMENT OF EQUATIONS FOR PERFORMANCE TRAJECTORY COMPUTATION 


SUMMARY 


During the second six months of the original one-year period 
of the grant work has progressed on two projects: 

1. Development of a computer program for the study formulated 
earlier, as discussed in the last report, and 

2. An analytical study of a minimum fuel flight for high 
speed aircraft. 

Included in this report are a listing of the program to compute 
a minimum time re-entry into the atmosphere for an Apollo-type cap- 
sule, and a technical summary of the minimum fuel problem. A detailed 
report on item two is to be presented to the Guidanco Laboratory of 
Electronics Research Center in Cambridge, Massachusetts, on April 19 
an 20. A full report will be forwarded to you after this presentation. 
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INPUT CARD 6 
COL NO 35 
IS JUMP 


JUMP = 1 
= 2 
= 3 


PARTS 1 AND 2 
PART 1 ONLY 
PART 2 ONlY 


SYMBOLS USED IN PROGRAM 


PLANET DATA 


= GRAVITATIONAL CONSTANT OF PLANET 
= Radius OF PL antt 
= DENSITY OF PL.ANFT atmosphere 
= P ART I AL OF RHO W.R.T. ALTITUDE 
= ANGULAR VELOCITY OF PLANET ABOUT ROTATION AXIS 
( WFX.WFY .'a'EZ ) = ANGULAR VFLOCITY COMPONENTS OF THE PLANET IN THE 
INERTIAL FR AM r 


G\« 

PHO 

rjHOO 

OMEGA 


VEHICLE DATA 


CX 

CXMD 

CZ 

AXIS) 

C/MD 

A 

VM 


= AERODYNAMIC 
= PAPTIAI. OF 

= afrodynamic 


COEFFICIENT (LONGITUDINAL AXIS) 

'"X W.R.T. ALPHA 

COFKFICILNT (PERPENDICULAR TO LONGITUDINAL 


S PARTIAL OF rl W.R.T. ALPHA 
= CROSS-SECTION OF VFHIOLF 
= MASS OF VPHICLF 


GENFRAL DATA 


( X * Y *Z ) = CARTESIAN COORDINATES (INERTIAL FRAME) 

(UtV»W) = VFLOCITY COMPONENTS ( I NF P T I A L FRAME) 

R = MAGNITUDF OF RADIUS VECTOR TO VEHICLE 

HGT = ALTITUDE 

( VRX.VRY ,VRZ ) = RFLATIVF WIND VFLOCITY COMPONENTS ( I NERT I AL FRAME ) 
( VRMX»VRM.Y»VRMZ ) = RFLAJIVF WIND VFLOCITY COMPONENTS (MISSILE- 
F I XED FRAVF) 

VR = MAGNITUDE OF VEHICLE VELOCITY RELATIVE TO AIR 


FP A 
GGG 

H 

PH A 
PHAY 

XL A M ( 1 ) 
XL AM ( 2 ) 
XL AM ( 3 ) 
XI.AMU) 
X L A M ( A ) 


“ AERODYNAMIC ACCELERATION 
= GRAVITATIONAL ACCELERATION 


= PONT RY AG I N 
= PARTIAL OF 
= PARTIAL OF 


H FUNCTION 
H W.R.T. ALPHA 
H W.R.T. ALPHA Y 


LAGRANGE 

lagramgf 

LAGPAMGF 

LAGRAMGF 

LAGRAMGF 


MULT I PL I FR (]) 
MULTIPLIER (2) 
MULTIPLIER (3) 
MULTIPLIER (4) 
MULTIPLIER (5) 


l 


j 


• . reproducibili i amaia w^-^ ^ 

I 

I XlAy.(6) = L*GRANGF MULTIPLIER (6) 
f XL AM ( 7 ) = CONSTANT = +1 

i 3 

PREFIX OF R INDICATES ANGLE IS TN RADIANS. OThERWISE IT IS ASSUMED 
TO RE IN DEG9 r ES. 

PHIO = INERTIAL FRAME ORIFN'TATION ANOLf 

AO = INFRTIAL FRAME ORIENTATION ANGLE 

A 09 = (or) - AO ) 

PH IP = Roll A*'GLF 

PH I Y = YAW ANGLF 

PHIP * PITCH ANGLE 

ALFY * ROLL ANGLF OF VFHICLE (AERODYNAMIC FRAME) 

ALF = ANGLE OF ATTACK OF THE VEHICLE 

CRALF = COS ( R ALF ) 

SRALF = SIN(RALF) 

CPAI.FY = COS ( RALFY ) 

SR ALFY = SIN(RALFY) 

C°m 1 0 = COS(PPHTO) 

SPMir = S I N ( P PH I 0 ) 

CPA09 = COS ( RA09 ) 

CPHIR s. COS(RPHTR) 

SPHIR = S IN ( p PHI R ) 

CPHIP = COS ( RPH I P ) 

SPHIP = SIM(RPHIP) 

CPHIY r COS(RPHIY) 

SPHIY = SIN(RPHIY) 


FQUI VALPAJOF (M/lsroMi 1 ) »ooos( 1 ) ) , (MASCOM( ]0l ) »TAPS( 1 ) ) » ( MaSCO^ ( 669 ) 
1*VPX(1 ) ) 

PQU I VAL p >N r F (00nS( 1 ) * ALF) , ( ODDS ( ? ) »RAlF) 9(0DDS(3) *CRALF1 , ( ODOS t A ) * 
S 1 SRALF) » ( OD n S ( ^ ) ♦ ALFY ) » ( OP n S ( A ) * R A L F Y ) 9 (ODDSt 7) ♦ CRALFY ) » (OODS(P ) ♦ 

I 2 SRALFY) » lOr.r)S(c) tPHTO) * ( ODDS ( 10) ♦CPhiO) 9 (0ODS( ] I ) »SPHIO) » (0ODS( 12 
J 3) ♦ AO) » (OnnS( V* ) »CRAOo ) ♦ ( Qdd3( 1 a ) *SRA0O) * (ODDSt 1 3) »PHIP ) ♦ (ODDSt 1 6 ) » 
I A TP) » (ODDS ( 1 7 ) »5P ) » ( ODOS ( 1 R ) »PHT Y ) * ( 0Dp3( 1 Q ) * OY ) * (ODDS ( 20 ) »SY ) * 

5 ( ODDS ( p ] ) »PWTR) * (ODDSt 2?) »CR) t (ODDS ( 23 ) »SR) ♦ (0DR3(24) ♦ OMEGA ) * 

6 ( ODDS (23) * .v F X ) . (ODDS( 26 ) tWFY ) 9 ( ODDS ( 27) »WFZ ) » (ODDS (29 ) »VR ) ♦ (ODDS 

7 ( 29) »VRX) . ( 0ODS( 90 ) »VRY ) , iODDS( 31 ) »VRZ ) ♦ (ODDS ( 32 ) »VRMX) , ( ODDS! 33 ) 

! P t VR”Y ) ♦ (0D05 ( 3 A ) .VRMZ) , ( ODDS ( 35 ) 9 VRMPD1 ) » ( ODDS ( 36 ) ♦ VRMYQ 1 ) 1 (ODDS 

i 9 ( 37) *VPMPD1 ) 

c ’OUTVAL rvrc (od^S( ’* 9) ,rX ) ♦ (O'AOSl 3P ) »rXMD ) » ( ODDS ( AO ) 9 CZ ) 1 

1 ( ODDS ( A 1 ) ♦ OZ'*D ) » (0DOS( A3 ) »r^ ) 9 (0ODS( A** ) »RHO) ♦ (ODDS( AA ) »RHOD) 9 

2 ( ODDS ( 43) ,9) ♦( CO*S( A A ) » 7 0 1 ♦ ( CDDS( A 7 ) 9 HOT ) 9 ( ODDS ( 4 R ) »A ) ♦ ( ODDS ( 49) 9 

3 V*') » ( OddS ( R 0 1 »CM) 9 ( ODDS ( 3i ) ,OGG) 9 (0ODS( 52) »FPA ) ♦ (ODDS ( 53 ) 9 XMDOT ) 9 
A ( ODDSt c A ) »H) 9 ( ODDS ( c 5 ) 9 PH A ) 9 ( ODDS ( 56 ) 9 PH AY ) 

FOI'IVAL c NOE ( ODDSt 57) »FA> 

1 FOUIVALFMCF ( TAPSll ) »ALT(1 ) ) , ( TaBS(89) 9PRFSSI 1 ) ) 9 
! 1 ( Tars ( 26 5) »ALPHA T ( ] ) ) * ( T APS( 303 ) *TfZ ( l ) ) • ( TARS (341 ) »TCZP( 1 ) ) » 

2(TABS(‘>70),TCZ='Di))),(T/v Q S(A]7)9TCX(l))9(TA8S(A57) »TCXP ( 1 ) ) t 
3(TARS(AP3) ,TCXPP( 1) ) 

FOUTVALPMOF ( VFX( 1 ) »XNU ) ) , ( VFX( A) 9 URDOT ( 1 ) ) » ( VFX ( 7 ) »XRAR ( 1 ) ) 9 

1 1 (VFXnO) vXLAMT ( 1 ) ) 9 ( V*-X( 1 *» ) ♦ XL AM I I ( 1 ) ) . ( V^X( 16) 9XlMID( l ) ) » (VFX( 19) 

2 9 X 1 Mf JD( 1 ) ) 9 ( VcX( ?? ) »UR( 1 ) ) 9 ( V^X ( ) tXLAM7 ) 

' POUT VM. c N rr ( X>< ( 1 ) 9 XNX ) 9 ( X v ( 2 ) 9 XNY ) * ! XN ( 3 ) 9 XNZ ) 

F<3(J P/AL C NCF (L'or.OT ( 1 ) »UD) » (Upd0T(2 ) 9VD) , (U"DOT (3) ,WD) 

FOUIVALFNCE ( XPAR ( ]) tX ) 9 ( XRAR ( 2 ) * Y ) . ( XBAR ( 3 ) »Z ) 

FOUIVALFNCF (XL AM I ( 1 ) 9 XL AM) ) , (XL AM I ( ? ) » XL AM? ) » (XL AMI (3) »XLAM3) 
FOUIVALFMCF (XLA W I I ( 1) »XLAMA ) * ( XL AM I I ( 2 ) » XLAM5 ) » ( XLAM l I ( 3 ) .XLAM 6 ) 










4 


FOU I VALENCE ( XLM 1 0 ( 1 ) t XL AMI D ) » ( XLM I D ( 2 ) .XLAM2D) * ( XLMID ( 3 ) ♦ XLAM3D ) 
EQUIVALENCE ( X LN I I D ( 1 ) .XLAM4D) * (XlMI I D ( 2 > *XLA, v i5D> * (XLM 1 1 D C 3) .XLAM6 
: 1H) 

EQUIVALENCE <UR(1 ) *U) » ( UP, ( ? ) .V) ♦ ( UP < 3 ) »Vt ) 

I CO'^'ON n*ASCQ v 

DIvFNSIPN MA5Cr"M693) 

D ! "F'LA J ON < 1001 »TA3S( 668 , »v r x ( 2 6 ) 

HI MCM S jom A L T ( fl P ) » PR r S 3 { 8 P ) * K ( 8 8 ) 

nr'EMSicN alphat(38) .tcz hr > . tczp( 38 > . tczppi 3b > , Text 38 ) *tcxp( 38) ♦ 

lTTXPPt tp ) ,J( 38 ) 

DIMENSION UROOT (3 ) »XN ( 3 ) .XRAR ( 3 ) *XLAMI ( 3 ) * X L A M I I ( 3) .XLMID ( 3 ) » 
1XLMIID(3) » U R ( 3 ) 

DIMENSION OUTD (4*100) 

DOUBLE PRECISION FA. AST 

DOUBLh PRECISION MASCOi-i .ODDS » T A3S » VEX ♦ ALF » RALF .CRALF » SKALF » ALFY ♦ 
,] RALFY.CRALFV .SP ALFY. Phi O.CPHTO.SPHIO. * 0. PHI P vCP » SP »PHI Y 

? , CY » SY , PH I P »CR . SR »O f, FGA . V.'FX , VvFY . vs'FZ . VR . VRX ♦ VPY , VRZ . VRMX , VRMY . VRMZ 
3 , vphpp] ,VR'‘YD 1 .V^RDI .cx.rxvn ,oZ»02wn .or .RHO.RHOD.R .RO.HGT * A ♦ 

| A V v .G M .000 » EP A .XM^OT.H.PHA .PHAY, ALT .PRFSS ♦ M.PHAT » TCZ ♦ 

: c . T r ZP.TCZPP»TrX.TCXP»TCXPP.XN.UP r 'OT * XRAR . XL AM I » XLAM I I .XLMID.XLMI ID. 

) 6 Un»XLAM7,XNX»XNY,X\|Z.UD»VP»*D.X»Y »Z .XL AMI ♦ XLAV2 » XLAM3 .XLAM4. 

7 XLAMfi »XLAM6»XLAM1D*XLAM7D»XLAM3D*XLAM4D»XLAM5 D»XlAM6D .U.V.W, 

! , 3SPALPP. on ALFP 

DOUBLE PRECISION' ARCOS .COL A T .CR I T . DEL * TfSP . T I REC * TL IM I T ♦ TPR I N'T ♦ 

| 1TSTEP.TY.U0, 

\ 2 VO.VLAT.VLONO.WO.XO.XLAMIO.XLAMZO .XLAM30.XLAM40.XLAM50.XLAM60. 

j 3Z0 

DOUBLE PRECISION SRA09 * CR A(?9 . RPH 1 0 .R AD 
; D T r FNS I ON 5TX H ) .STY ( ? ) . STAY ( 3 ) .RD ( 7 ) 

!- DOL ,Q L p PRPfTSTOM STX.STY.STAY.SLOPE.STALE 
i 00UPL c PRPCISTON' OON A » r 0 MO .CCNC .YO.Y2»YO?*Y??»DFL2 
j DOUBLE PRECISION' HH 
} DI*’FNSIO,N HH (2.4) 

DTf'rpsjON 0F( 1 ]•>) »0UTA(4B) ,0UTO(?0S) 

| DATA O'JTC ( 2 ) .OUTo ( 3 ) »0UTr(4) .0UT0(5) »0UT(.(7) .OJTC(R) . 

. 1 OUT o{0) .OUTC ( 10) .OUTC( 1?) .OUTCM 3) .0UTCM4) »OUTC( 15) »UUTC( 17) » 

) ? OUT C I 18) .OUTo ( 19) .OUTO ( 20 ) .00 To ( 32 ) .OUTC ( 23 ) »OUTC.( 24) .OUTC ( 25 ) » 

; 3 OUTC { 27 ) .OUT' - ( 28 ) *OUTr ( wCUTr ( 30 ) .OUTC { 32 ) .OUTC ( 33 ) .OUTC ( 34 ) . 

j 4 OUTC (33) ,0UTC(37) .OUTC ( 3P) .OUTC (39) .OUTC (4C) .OUTC (42) .OUTC (43) . 

, 5 OUTC (44) .0070 45) .OUTC (47) .CJTC(48) .OUTC (49) »OUTc<50) »0UTC(S2) » 

I 6 OUTO ( r t‘» ) .OUTo ( F4 ) .OUT'* ( ) .OUTo ( 57 ) .OUTC (SB) .OUT r ( 39 ) .OUTC (60) . 

;• 7 duT 0(6?) .OUTo ( 63 ) *0 'JTo(aa) .0UTr(66) »OUTO(67) »0UT(;(69) .0U'TC(69) . 

| 8 OUTo ( 70 ) .OUTo ( •»? ) ,OUT^ ( 73 ) ♦OUT'* ( 7/, ) .OUTC ( 7 5 ) .OUTC ( 77 ) .OUTC ( 78 ) ♦ 

. 0 OUTO ( 79 ) .OtJTMPO) *OlJT r ( 8?) .OUTo ( p 3 ) »0UTC(P4)/ 67*6HBLANKS/ 

DATA OUT 0(85) » OU T O ( p 7 ) ,OUTO(88) .OUTOI89) »CUTC(90) ♦ 

' 1 DUTo(9?) .OUT C ( 93 ) .OUTo ( 04 j .0UT0(96) »0UTC(97) »OOTC(98) » 

i 2 OiUTo ( 09 ) .DUTCHOO) »OUTo( ]0?) . 0 ;'JT 0 ( 103) »CUT 0 ( 104) »CUTC< 106) » 

3 OUTC ( 107) .OUTC (108) »0UT0( 100) .OUTC ( 1 10) .OUTC (11 2 ) .OUTC l 1 13) . 

? 4 OUT C ( 114) .O'JTC ( 115) .OUTC ( 1 17) »OUTC( 118) .OUTC ( 1 19 ) .OUT C ( 1 20 ) . 

j 5 OUTO (122) .O'JTC (123) .OUTC (124) .OUTC(125) .O'JTC (127) .OUTC (128) ♦ 

! 6 OUTC < 1 29) .OUTC ( 130) .DUTCH 32) .OUTC ( 1 33 ) .OUTC < 1 34 ) .OUTC ( 1 3 5 ) ♦ 

7 OUTC ( 1 37) .OUTC ( 138) .OUTCH 39) .OUT Cl 1 40 ) »0U TC ( 142 ) .OUTC ( 143) ♦ 

P OUTC (144) .OUTC (146) .OUTo ( 1 47) .OUTO< 1 48) .OUTC< 149) .OUTCH 50) » 

, 9 OUTC( 1 6? ) ,CUTC( IS’ ) ,OJTC( 1 54 ) .OUTCH 55) / ?,7*6HBLANKS/ 

} DATA OUTC( 157) .0UTOH 58 ) .OUTCt 1.591 .OUTC( 160 ) .0UTCH62 ) » 

! ] OUTC ( 163) .OUTC H64 HOUTCH 65 ) »OUTC( 167) .OUTC ( 168 ) .OUTC < 169) » 

? DUTCH 70) .DUTCH 72) .DUTCH 73 ) .OUTC (174) .OUTC ( 3 76 ) .OUTCH 77) » 

3 oi'jTc( 1 7R ) .OUTC (179) .DUTCH 80) .DUTCH 82) .OUTC (183) .OUTCH 84) » 

4 OUT o ( 185) .OUTO ( 18 7) .OUT 0(1 88) »OUTC< 1 89 ) .OUTC ( 190 ) »0U T C < 1 92 ) » 
f 5 OUTC (193) .OUTC (194) »OUTC. ( 195) .OUTC ( 1 97 ) .OUTC < 198 ) .OUTC 1 199 ) » 
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6 0UTr(20C) .OUTC(?0?) »OUrr(?08) ,0UTC<?C4) .OUTr(?05) /40#6 h blanks/ 6 

data OF(?) .OF(3) *CF ( 4 ) »OF(5) .OF<?) .OEH) »0F<9) »OF(10>. 

1 OF( 1 ?) .OF ( 1 2 ) ,Qr ( 14 ) .OF (1 5 ) .OF H 7 ) »O c ( 1 8 ) »CF ( 1.9 ) »OE t 20 ) »QF (??) » 

? Or( 7 8 ) >CH 2 A ) »0F( ?6 ) .0^(77 ) .Or ( ?8 ) ,0r ( 29) >0F( 8C) .OH 82 ) »0F( 88 j , 

8 oo '*4 ) » 0 P ( "<* t »nr ( 87 ) » n F( 8°) »0 C ( 80 ) »0F( AO) »0F ( 4? ) »0 C ( 48 ) »0F ( A4) * 

4 r ( 4 c ) ,oc ( ;, 7 , ,pP( A« 1 »0P ( 4° ) *0P ( SD ) »0 C ( ^2 ) »0F ( 58 ) »0F( F4 ) *0P ( F 8 ) » 

p ! f( F7) » 0 F ( <^R 1 »or ( 59 1 »0F ( 40 ) »0F ( 6? ) >0 C ( f 8 ) »0F ( 64 ) »0E( 65 1 »0F ( (57 ) * 

f. nr ( AP (48 ) ,pc ( 70 ) ,o.r ( 7*> ; ,0F ( 78 ) »0P ( 74 ) »0P ( 7 C ) ? Or( 77 ) *0F ( 78 ) * 

7 Of( 70» *nc (POl »0 C ( 82 MOF( R8 ) , v Op { 04 ) ,CF ( P5 ) ♦O r ( 87) »0P ! F8 1 »0 C ( «9 ) » 

R :>F ( 90 ) »0 r ( o ?) »0 r (98j »QF I O'i ) > OF ( r 5 ) > OE ( °7 ) .OF ( 98 ) > OF l 99 ) » 

9 0F( 100) »0F (1 02 ) »0F( 108 ) »0F ( 104) »0F( 105 )/ 84*6HRL ANKS/ 

DATA OUTC(l) .CUT C ( 6 ) .CUTC(l'l) .0'JTCH6) .OUTCHl) ♦ 

1 OUTC ( 26 ) *0'JTC(81) .0UTC(?6) .0 : JTC(41) *0UTC(46) .CUTCHl) » 

2 OUT C ( 56 ) »0UTC(61) .OUTC(56) ♦0JTC(71) »0UTC( 7 6) *0JTC<R1) . 

8 OUT F ( 86 ) » OUTC ( 91 ) »OUTr(96) .OUTC ( 1 0 1 ) .OJTC (1 06 ) .OUTC ( 1 1 1 ) » 

4 OUTcn 16) .OUTC ( 171 ) .O'JTCH 76) .DUTCH 81 ) .OUTC ( 1 86) / 

6 6HTI' <C . 6HX ♦ 6HY »6HZ . 6 H U »6HV *6Hv'i ♦ 

66 HLA 1 VI » 6 H L A M 2 .6HI.AV3 ,6HLA*>»4 ,6HlAM5 ,6HLAi v 6 » 6 HALF ♦ 

76HALFY . 4HPH 1 R . 6HPH I Y »6HPH I P »6HGr.c, , 6HVP . 6HM . 


R6HRHO .6H9 ,6HFA . 6HN » 6HP . 6HQ ♦ 6HH / 

DATA OUTC <14 1 ) » O'J T C ( 14 6) .OUT C H 5 1 ) .DUTCH 56) »OUTC( 161 ) » 

1 OUTC (166) .OUTCH 7 ! ) .OUTC ( 1 ?6 ) .OUTC H 8 1 ) .OUTC U 86 ) .OUTC < 1 9 1 ) ♦ 

7 OUTC ( 1 96 ) .OUTC (701 ) »O e ( 1 ) .OF ( 6 ) .OF H 1 ) »0F ( 1 6 ) »0F ( 21 ) »0F ( 26 ) » 

8 OF (81 ) »CP( 86 ) «0F( 41) »CF ( 46 ) »0F( 5! ) .0F( 46 ) .OF ( 61 ) *0F<66 ) »0E( 71 ) » 

4 Or (76) »0F < PU »0F ( 86) .OF CO] ) .OE ( 96 ) »0E ( 1 01 ) >0E H06 ) t 

66HPHAY , 6H D H A . 6HU POT ,6HV HOT » 6 HU DOT » 6HLAM1 D .6HLAM20 » 

66HLAM3D .6HLAM4D .6HI.AM5D »6HLA'*6D , 6HDR AG , 6HHG T »6HVM » 

76 l H . 6HG' 1 ♦ 6HR0 »6HX0 .6HY0 »6HZ0 .6HU0 ♦ r 

R6 W VO . AHV.’P* .6HI A'110 *6HI.A'- , 70 . 6HL AP80 * 6HL A v 40 ♦ 6HL A f/ 50 ♦ 

960 L A '-*60 .6HI.AM7 . 6MTSTFP . 6HTPR I N T » 6HT L I T ♦ 6HALF » 6HALFY / 

OAT A OF ( 1C7 ) »0 C (108 ) »CF H09 ) «0E ( 1 10 ) .OE H 12 ) »0£ ( 11 3 ) »0E ( 1 14 ) » 

1 OF (115) .OF HI 1) / 8*6HRLANKS»6H0VF6A / 

— ■■■. r > AT ANj? ( o S d C4 -4 4 »■ — X* , v: X . ) ARCOS(X) = DATAN2(DSQRT(1. - X*X),X.) 

TFSP = 666.0 


READ IN DATA 


| PFAD IN HYPERSONIC DATA TARLE 
’ 00 R001 1=1.88 

? RPAO( 5 . 1 000 ) PH ( 1 ) »R 9 ( 7 ) »RD ( 8 ) »RD( 4 ) »RD ( 6 ) » RD ( 6 ) »RD( 7 ) »J( I ) 

1 A|.PHAT( T ) = 9 n L r(pn( l ) ) 
j Tr 7 ( T) = 9 RLC ( t?» 8 ( 2 ) ) 

T C Z P ( 1 ) = 081,8 ( Rn( 8) ) 

I T C ZPP ( I ) = 9 °l. F ( RO ( 4 ) ) 

\ T CX( I ) = 0 RL e (R 0 ( 5 ) ) 

TCXP ( I ) = D°L F ( p D ( 6 ) ) 

, 8 ) TC XPP ( I ) = DRLE ( RO ( 7 ) ) 

|80 FORMAT ( F) C .0 » F 1 0. 8 , F 10 . 5 .FI 0 . 6 . F 10 . 3 . F 1 0 . 5 . F 1 0 . 6 . 12) 
j DO 120 1=1.38 

IF(JH)-I) 101 . 120.101 
)>0 CONTINUF 
GO TO 109 
rl W 9 I TF ( 8 . 1 09 ) 

po F0RVATHH1 .16X.73M0ATA CARDS OUT OF OPDFR) 

> G9 TO 880 

I RFAD IN' ALTTTUDF VS DFNSITY TABLE 
T >0 00 po 07 I = 1.88 

I 9 FAD( 6 . 1001 ) RD(l) .RD( 2 ) .<( I) PKJ^M> 1 NQ fAGili NOT FILMED 

J ALTU ) * DBLF(RD( 1 ) ) 
f 2 PRFSSH) =• D 9 LF(PD< 2 ) ) 
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reproducibility of the Original page is poor. 

i. ~~ 

§31 FORMAT! F 10.0. Ell. 4 »4fiX. 13 > 
i ' 00 122 1=1 »88 

I IFCK(I)-I) 101 *12?* 101 * 7 

b? C^NTIM'JF 

I OFAO INPUT DAPF'FTFRS 
|)9 CONTINUE 

I RFA0(P,100?) RO( 1 ) ,Rr>(?) »RO<3) *PD(4) »R0( 5) »L1 

I G*/ = BBLF( RP( 1 ) ) 

I RO = ORLE( R0 ( ? ) ) 
j O v EGA = DRLP(R0(3>) 

AO = DRLF (RO(4) ) 

PHIO = OBLE«RO( 5) ) 

12 FOPMAT(1E?0.fi.2E4.0*?X»I?) 

; I F ( Ll-1 1101.124.101 
?4 CONTINUE 
00 TO 10? 

0? RFAD(*»1 00*) RO( 1 ) »RP( ?) »R0( 3) »R0 ( 4 ) *L? 
i ALE s ORLF(PO( 1 ) ) 

( ALFY = HOLE ( RO ( 2 ) ) 

! vm = ooi F(Roc»n 

* A = 0?LE (°0( 4 ) ) 
p* F 0RMAT(4F10.4»*CX*T2) 
i 1 I F ( L2-2 ) 1 0] *126.101 

|? 6 CONTINUE 
GO TO 103 

p3 RFAPv( 5 » 1 004 ) RnUJ«Rn(?),P0(3),RD(4)»R0(5»tR0(6)*L3 

; xo = OPLE(Rn( i ) ) 

| YO = ohlf ( pn { 7 ) ) 

f * 70 = PO| P ( Rf> ( 7 ) } 

( HO = r) °L c .( RO { 4 ) ) 

> VO = OBI. F( Rr>( S ) ) 

j >,'0 = rvM^fPOdF) ) 

04 FORMAT! *H0.0»RF10.R»10X, 1? ) 

| I F ( L3-3 ) 1 0 1 .128.101 
28 CONT f NU F 

I RF.AO ( A ♦ 1 005 ) R0<1 ) .RD!,-) .R0<3) .RD(4) *RD(5) .RD(6) .RD(7) ,L4 
j XLAtflO = OBLF { RO ( 1 ) ) 

( X L A M ? 0 = ORLF(RR(2) > 

, XLAM30 = DOLE ( RO ( 3 ) ) 
j XI AV/ 4 o = •v*l f (PP<4) ) 

^ Xl AMEO = rrPi_ r (RA|R ) ) 
j XI. AMftO = OPLF ( RP ( A ) ) 

' XL AM? = P D L.F ( RP' ( 7 ) I 
9 5 FopMAT(7F10.^» I?) 

1 IF (14-4)101 *130.101 

10 C'TNTTN'JF 
' GO TO 1.35 

'5 RFAptB.lOlO) RD(1) * R D < ? ) »RD(3) * JUMP » I FF * L5 
' TPPJMT = 0BLF(O0( 1 ) ) 

TLIMIT = OBLF(RfM2) 5 
1 T5TEP = DOLE (90(3) ) 

■ TPRINT v UST be ORFATFR Than OR EQUAL TO TSTEP 
0 FPRMATlBFio.Of^I^^OX*!?) 

I F ( L5~5 ) 101.137*101 
(7 CONTINUF 

. IF ( ( JUMP» C Q»? ) *0R« ( JUMP»FQ«3 ) ) GO TO 138 
' JUMP= 1 
18 CONTINUE 
' W ( >ITE(6.1493) 

in rAiB'iitnin'i 


I 


POINT INPUT 

OUT A ( 1 ) = SNGL(VM) 

OUT A ( ? ) r S^'GL ( a ) 

OUTAC*) = S'^L(gm) 
n UT A ( 4 ) = S’iGi(PO) 

OUT A { 5 ) = SMGL(XO) 

OU T A ( 6 1 = SNGL(YO) 

OUT A ( 7 ) = SNGL(ZO) 

OUT A ( P ) = SNGL(UO) 

Ot'TA(O) = SNGL(VO) 

OUTA(IO) = SN^L(WO) 

OUTA(II) = 5MGL (XLA'-MO) 

OU T Ml?) = C MGI. ( XI AV?0 ) 

OUT A UP) = 5NOL(XLAV*0) 

OU T A (1 4 ) = C MG| (XLA‘^40) 

OUTAUS) = SN^L(XI.Af'PO) 

OUTAU6) = GNGL ( XL AV60 ) 

OUTA117) = SNGUXLAM7) 

OU T A ( 1 p ) = S N G L ( T E T F P ) 

OUT A ( 1 9 ) = SNGL ( TPR I NT ) 

OUT A ( ?0 ) = SNGL ( TL I f ‘I T ) 

OUT A ( ? 1 ) = SNGL ( A L F ) 

OIJT A ( ?? ) = SNGI. ( ALFY ) 

OUT A ( ?? ) = GNU ( 0 ,,F GA ) 

gall r.-tMV(Or ,^UTA ,?■* 5 
WR I Tf" ( 6 *6P54 ) 

p A FORMAT ( 1 X ♦ P7HINPUT VALUES A RF AS FOLLOWS) 

| WP I TE ( 6 » 6P5S ) ( OF ( LL ) *l.L = 1 ♦ 1 1 5 ) 

i 

i 

1 INITIALIZE P70GPAM 


i 

f 

01 GOMT I NU C 
> GALL trap 
>, U = UO 
I v=vo 
v = yo 
X = XO 
, Y = YO 
1 7 .- 7 . 0 

i, XLAM] =XL AM10 
\ XI.AM?*XLAU2C 
XLAMP = XLAM30 
( XLAM4=XLA^40 
XLAMS = XLA'*SO 
i XI AM6=XLAM60 
'• CALL JAGOR(HH»-S.O»-5.J) 
i FALL I»'VFOS(hh, INf>Xv ir>P0 t 5,4*<FRR) 
i, 00 ?00 I=1»? 

! no ?oo a'=i»? 

on H u ( I * N 5 =-mh( T *N) 

! W»!TF«6*?99) 

i>9 FORMAT ( 1 HO »? 1HTHF FOLLOWING ARE VALUES FOR HH) 
WRITF(6»3U UHH(N*I ) »I = 1 .2) »N=1»2) 

FORMAT ( 2F?0« 5 ) 

I F ( JU M P * F0-» 3 ) GO TO 4002 


8 


i 


$ 





THF FOLLOW I VG IS PART I AS CAI.IFO FOR RY JU«P 


9 


\ 

| 

j AST = &LF 
J AST1=ALFY 
f ALFY=-1 80.0 
\ D« 45?? NN'=1 ♦ 7 1 
ALFY=ALFY+5«0 
l ALF=-1S0.0 
j DO 4500 JX=] ♦?] 
j ALF = ALF +5. 
j TALL HC A \_ r 
j O'JTO(l.JX) = ‘‘-MOL (ALF) 

1 OWTD( ? * JX ) = ^NOi_(H) 

\ nUT0(?»JX) = SVGLCPHAY) 
ho niJTP(4*jX) = SMOI.(PHA) 

} IF ( IFF)45??»4 e -^‘»»4 R 7? 
h? W 9 ITS(6»4511 ) ALFY 

U c ORFAT ( 79H1 ALF H 

j 1 PHA ALFY= * F6 • 1 // ) 

' WRITFi6»45]0) ( (OUTOC<KK»LLU *K:« = 1*4) »LLL = 1 *71 ) 

1)0 FORMAT (iM 0 *FiP. 2 » 3 E? 0 . 8 ) 

'.•'"TINUF 

j WR I TT{ 6 * 1 4 *)A j 

; IF ( JH M P. rr **? ) GO TO 888 
1 JUMP = A 
s , AI_F = AST 
! AJ.FYsASTI 
GO TO 4001 
b? COMTIN'JF 
( 

i 

‘ TH C FOLLOWING IS PART II AS CALLED FOR 3Y JUMP 

\ 

! 

| WR ! T c ( 6 * 4 5 8 4 ) 

*4 FORMAT (1H0//»16HITERAT IONS BEGIN/) 

Ttprr = ''. 

I TY = TPRIMT 
j»l JZ=0 

i TTFRATF fop alphay 

i 

ho CONTI NUF 

IF ( T IR C C .OF. TL I W I T) GO TO 888 

rOLAT = ARG0S(OARS(Z) /OSORT ( X*X + Y*Y +Z*Z)) 

VLAT = OSIGM( ( 1.570796 - COL AT ) *Z ) *57. 2958 
VLONG * (OATAN?(Y»X)- 0MFGA#TIRFC)*57.2958 
► call SLVML(ALF*ALFY.HH.PHA*rHAY.l.F-14*28.TIRFC) 
)fl FONT I ►.'(IF 
• CALL P'JHY 

IF(TTRPr.FO.O.O) GO TO 8008 
- TY=TY+TSfFP 

IF ( TY.LT • TPP I NT ) GO TO 6d48 
>6 CONTINUE 
TY *0. 


PHAY 


r 


PRINT OUTPUT 


REPRODUCIBILITY OF THE ORIGINAL PAGE IS POOR 


I < V' = 1 
GO TO 8 n 06 
GOUT I MU P 
>P CONTINUE 

FXIT IF PHASE II IS COMPLFTE 

CHFCK FOR SPEED LESS THAN TESP 

IF(VR.LP.TESP) GO TO 6900 
TIRFG = TIRFG + TSTFP 
JZ- J7.+1 

TAIL TGRATE (JZ. TSTFP) 

GO TO 6800 


10 


P 

h? 

R 

P 6 

I 

I 

■? 

t 


I < K = 2 
GO TO 8^06 
OOKJT I N’UF 
GO TO 888 ' 
TY = 0.0 
IKK = 1 
OONT INIJF 
OUT A ( 1 ) = 
OUTA(2) = 
OU T A ( 3 ) *= 
O'.'T A ( A ) = 

OUT A ( 5 ) = 
OUT A ( 6 ) = 
OUT A ( 7 ) = 

OUT A { 8 ) = 
OU T A ( 9 ) = 

OUTA(IO) = 
OUT A (11) = 
OUTAU?) = 
OUT A (1 3 ) = 
OUTAU A) = 
OUTAU 8) = 
OUTAU 6 ) = 
O'JTAU 7) = 
OUTAU R) s 
OUT A C 1 9 ) = 
O'JT A ( 20 ) = 
OUT A (21) = 
OU T A ( 2 2 ) = 
OUT A (23) = 
OUT A ( 24 ) = 
OUTA ( ?8 ) = 
OU T A ( 2 f. ) = 
OUT A ( 27 ) = 
OUT A ( 28 ) r 
OUTA (29) = 
OUTA HO ) = 
0"TA(?n = 
OUTAU?) = 
OUTA (30) a 
OUTAUA) = 
OUT A ( 35 ) = 
OUTA (36) = 
OUTA ( 37 ) = 
OUT A ( 38 ) a 


SMGUTIREC) 

SNGL(X) 

SMGL ( Y) 

S Mr -L ( 7 ) 

<lmgl (U) 
f,MGL ( V) 

SNGl_ (W) 

SNGL ( XL A M 1 ) 

SNGL(XLAM?) 
SNGL ( X L A ,m 3 ) 
SNGL ( XLAMA) 
SV0-UXLAM5) 
SNGUXLAV6) 
SNGL ( ALF) 

SNGL ( ALFY ) 

SNGI ( PH I R ) 
«ngl(PMIV) 

SNGL (PHIP) 

SNGL. ( GOG ) 

SNGL (VR) 

0. 

SNGL(RHO) 

0. 

SNGL ( FA ) 
SNGLIXNI 1 ) ) 
SMGHXN12) ) 
SNGL(XNU) ) 

SNG|. (H) 

SNGL(PHAY) 

SNGL(PHA) 

SNGL (UPOOTU ) ) 
SNGL ( '.'ROOT ( 2 ) ) 
SNGL (UPOOTU) > 
SNGL (XLMID( 1) ) 
SNGL (XLMI 0 ( 2 ) ) 
SNGL ( XLM I 0(3) ) 
SNGL (XLMI 10 ( 1 ) ) 
SNGL (XLM! 10(2) ) 



. oi<ta( 80> = «^LIXL v nfM3)l ** 

OUT A ( 40 ) = 0 . 

OUTA (A1 )rCMf,|. (HGT ) 

CALL CnNV(OUTC .oijta .41 ) 

‘.•JP !T c (f »6«55 ) (OUTC( I ) .1=1 *205) 

55 FOPMAT(5(2X,A6*lX,Al,F10.8»Al*I?i) 

’».’P I T F ( 6 » 6 0 5 6 ) 

*>6 FORf'AK 1 H 0 // ) 

GO TO ( 8005 « 9 n 07 ) *IK< 

?8 FT OP 
C A!0 

FTC opcLO^ 

S'JOROUTTNF PRPLOO 

PQUI VALFNCF (MASC0M( 1 ) *0OOS ( 1 M » (MASCOT 101 ) »TAPS( 1) ) * < MASCO^ ( 669 ) 

1 *VPX( 1 ) ) 

EQUIVALENCE (000M 1 ) * ALF ) » (ODDS( ? ) *RALF ) » (ODDS( •> ) »CRALF ) » ( ODOS ( 4 ) ♦ 

1 SR ALF) » ( 0005 ( 8 ) * ALFT ) ♦ < OrOS( 6 ) *RALFY ) » (OOOS( 7 ) * CRALFY ) » (ODOS( 8 ) » 

? SRALFY) » (OOOS (P) .OHIO) » (OOOS( 10) *rPMlO) ♦ (OODS( 11 ) >SPHI0) > (OnoS( 12 
8) *A0) ♦ (QOOS( n ) ♦ORA0-) * (0^05 ( 14 ) ♦ SR A09 ) » <CODS( 1 5) ,PH1P ) *- (OOPS( 16) » 

4 TP) » ( 0 O 0 S( 1 7) *SP ) » C OO^Sl 1 « ) *PHT Y ) » (CrD3( 19 ) » C.Y ) » ( ODDS ( 20) »SY ) » 

5 (0OOS( 71 ) »Pwt R) ♦ (COOS( 2 2 ) »CR ) ♦ (COOS( ?? ) »SR ) ♦ <0005 ( 24) » OMEGA) » 

6 ( COOS ( ?5) * v%' F X ) . ( OOOS ( 26 ) .KEY ) ♦ (Oor>S( ?7) *W^Z ) ♦ (ODOS <26 » »VR) » ( OOOS 

• 7 (?Q) ,VRX) » (0O0S( ”»0) *VRY ) * (0003( ^1 ) »VRZ ) » (ODO$( 2? ) .VRMX) *(0005(85) 
ft ♦ VP**Y ) * ( Ooos( -J 4 j » VP M Z ) ♦ ( OnoS( ) * VR^Poi ) * (0O0S( 86) .VRMY 01 ) » (OnoS 

0 c* 7 ) ,v r ?MOO l ) 

EQUIVALENCE (QO^St ■*« ) *CX ) ♦ (0OnS( 89) .CXMO ) ♦ ( ODOS ( 40 ) » CZ ) ♦ 

1 (0003(41 ) »'*Z ,, o ) » (000 0(4?) ,ro » (CODS (48) *RHO) * (ODDS (44) *RH00) » 

? ( 0006 ( 4 f ) »' J ) * ( 0">0S( 46) *90) »( Qor>S( 47 ) .UCT ) , ( 0005(48 ) * A ) * (000S( 49 ) * r 
8 Vn ♦ (Co^S ( c 0 ) ♦r- ) ♦ ( 0005 (PI) » OGG ) » (0005(52 ) *FPA ) » ( 0005 ( 58 ) .XMDOT ) » 

4 (0OOS( r >4 ) *H) * (COOS( 55 ) »PHA ) ♦ ( ODDS (56) * PHAY ) 

EQUIVALENCE (OOOS(57) *FA) 

EQUIVALENCE ( T APS ( 1 )» ALT ( 1 ))»( 1 ABS ( 89 )* PRESS ( 1 )) » 

1 ( T 4P$( ?R6 ) , ALPHA T ( 1 ) ) ♦ ( TARS ( 80' 3 ) *TCZ ( 1 ) ) » ( T APS< 341 ) »TCZP’( ] ) ) » 

?( TapS( 870) ,WPP( 1 ) ) • ( TA«S(417) ,TCX( 1 )) * (TapS(4*7) ,TCXP ( 1 ) ) ♦ 

8 ( T * p f. ( 4 o 5 ) *Trx°P( 1 ) ) 

EQUIVALENCE (VPX( 1 >. *XA!( 1 ) ) , (VFX(4) .Un^OT ( ] ) ) » (VpX(7) .XpaR( 1 ) ) » 

1 ( VfX( 1 0) *Xl.A‘M ( 1 ) ) , ( ycx ( TM .XLAVJ I ( \ ) ) * ( VEX ( 16 ) *XlM 1 D( 1 ) ) * ( VFX( 1 O) 
?*XLf'I I0( 1 ) 1 » ( VFX( 2?) »U«( 1 ) ) » ( VFX(?5) *XLAM7) 

EQU ! VAL r N'T ( XN ( 1 ) »XMX) » ( X” ( ? ) »XNY ) ♦ ( XN( 8) »XNZ ) 

EQUIVALENT ( 'J ROOT ( 1 ) ♦ UO ) * ( U a OQT ( ? ) *V0) * OJRQOT ( 3 ) »WD) 

EQUIVALENCE ( XPAR( 1 ) *X) » ( Xr»AR( ? ) ,Y ) » (XRAR(8) *Z ) 

FOU I VALENCE (XL AMI ( 1 1 .XLAMI ) . (XlAMI (?) .XLAM2) » (XLAMI ( 3) »XLAM3) 
FGUIVALFNCE (XLAMI 1(1) *XLAM4) ♦ (XLAMI I (2) »XLAM5 )♦( XLAMI I (3) »XLAM6) 
FQUIVALFNCF ( X L M I D ( 1 ) .XLAMI D) » (XLMID(2) ♦ XLAM2D ) . ( XLMI D ( 3 ) » XLAM3D ) 
F0U1VALFNCE ( XL V I 10(1) » XLAM4D ) ♦ (XLMI 1 0 ( 2 ) *XL.AM5D ) ♦ ( XLK I I D ( 3 ) *XLAM6 
10) 

FQUIVM.FNOF ( Un ( 1 ) *U ) * ( 00 ( 2 ) * V ) * ( UP ( 8 ) »W) 

CO^A'ON *•* A SC nv ' 

, 01 ‘/FUSION MASC0"(698) 

OPTMSION OOOE ( 100) *TAPS( 568 )-*VFX( 25) 

OIvfnjSION ALT (88 ) *PRFS c -( 38) 

0 1 MF W S I ON AI.P^aT ( 88 ) * TCZ ( 88 ) ♦ ICZP ( "»8 > ♦ TrZPP( 8 8 ) »Tc;X( 83 ) »TCXP ( 38 ) . 

1 TCXPP ( 88 ) 

01 MEN Si ON UPOOT ( 8 ) » XN ( 8 ) • X« AR ( 8 ) .XLAMI ( 8 ) .XLAMI I < 3 > »XLM 1 0 ( 3 ) . 
1X1.^110(8) .05(8) 

DOUBLE PRFCISION MASCOM.OODS. TARS .VEX ♦ ALF.RALF .CSALF .SiULF ♦ ALFY. 

1 RALFY.CRALFY, SRALFY. PHIO.CPHIO.SPHIO, AO. PHI P »CP »SP .PHI Y 

2 *CY.SY.PHIP»rR.S9.0MEGA.V;FX, l vFY.AFZ.VR.VRX.VRY*VRZ»VRMX*VRWY.VRMZ 
8 .VR^POl .VR^YOl.VRMROl.CX.CXHO .CZ.CZMO .CC .RHO. RHOO. R ♦ RO . HGT » A ♦ 

4 VM »GH t GGG. FPA » X^OOT »H. PH A .PHAY, ALT. PRESS. ALPHAT.TCZ. 



I 



I 


f 


I 


\ 

l 


12 

5TrZP.TCZPP.TrX .ICXP.TCXPP.XN.URDOT .XRAR.XLAMI ♦ XL a. mi I *XLMIO »XLMI ID* 

6 'JO»XLA'*7»X'JXtXMr .XMZ.UP.Vr>.,>D»X.Y .Z. XL AMI »XLAM2»XLAM3 ♦XlA ,,, 4» 

7 XLAM5»XLA‘’'A»XLAM]D»XLA.‘17n»XLAM?D»XLAn4D*XLAM5D»XLA.M6Dt J»V*W* 

SSPALFP.CRA’ -P 
OOUBLF PRECISION RA09 
DOUBLE PRFCISIQN FA 

DOUBLF PRFCISION STALF .ALPHA1 , C .CXMD1 .CZ^Dl * DALF .B 
DOL'BLF PR r C I SI CM ARCC'S .COL A T »CR I T , DF.L ♦ T FSP » T I REC » TL IMI T » TPR I NT * 
1TSTEP.TY.U0. 

2 VO»VLAT »VLOMr,,V. , 0»X0»XLAM10*XLAM?O,XLA w 30»XLAM40*XLAM5O»XLAM60» 

■*Zn 


nmmLC PRECISION ERAC9.CRAo9.RPHlO.RAD 
DOUBLE PRFCISiON CON A .CONR .CONC » YO . Y2 . Y02 * Y 


RAD = 3.1415926535897932 /1B0. 
RPH I O = PHIQ » RAD 


l YO»Y2»Y02»Y2?.pFL2 , 

ARCOS (X) = DATAN2(DS0RT(1. 


- X*X),X.) 


P A 09 = (90.-AP)*RAD 
ralf =alf*° AD 
ralfy=alfy*rad 

CALCULATE SINES AND COSINES FOR ALPHA. ALPHA Y .AND PHI 
CRALF » DCOSIRALF) 

SR AL F * DSIW(RALF) 

CRALFY = DCOS«RALFY) 

SPALFY = DSIN(PALFY) 
ropiO = DEOS(RPMIO) 

9PHI0 = D9IM(RPHI0) 

CPA OP a DCOS t R A09 ) 

SR A0 Q = PS IN (RAD9) 

CALCULATE CM-GA-F BAR 
WFX = CPMIO*SPAP9*OMEGA 
W e Y = SPHI 0*0 v FGA 
WFZ = ~CPHIO*CRA09»OMFGA 
CALCULATE V9 
VPX = Y*V\ iC Z-Z#W p Y+U 
VRY =Z«WFX-X*WFZ+V 
VPZ =X*W C Y— Y*WFX+W 

VR = PE0RT(VRX#VRX + VRY* VRY + VRZ*VRZ) 

r=vpy 

P = D c ORT ( X*X + Y*Y + 2 * 1 ) 
r = OS0RT ( VRX*VRX + V RZ*VRZ) 

CALCULATF altitudf 


hgt =R-RO 
r,f,G=-GM/P**3 
CALCULATF VRM-RAR 

vrmx=vr*spalf*cpalfy 

VR»*Ys VR*CRALF 
VR'*Z * -VR*SRaLF«SRALFY 
, STALFaALF 

10 yF( ALF.l T.O.) ALF=-ALF 

IFtALF.LT. 180. ) GO TO 1390 
ALFsALF-360. 

GO TO 1380 
>0 CONTINUE 

DO 140 I*1.B6 


J* T +2 

IFt ALPHATt J) .GE.ALF) GO TO 141 

1 )0 CO^TINUF 

WR l TE( 6 » 143 J 

fe3 FORV.ATt 1H1.15X.42HPR0GRAM DUMPED 
I 1B7HALF AS COMPUTFD py SUBROUTINE 
I STOP 


BECAUSF ALPHAT 
PRFLOD. ) 


IS LESS THAN/16X. 





REPRODUCIBILITY OF THE 


ORIGINAL ^ 


41 DFL=(ALF-ALPHAT( J-l ) )/5. ,, 

DFl2=PFL*DEL 

CX-TCX! J-l )-r.5»(TrX< J)-7fX( J-2) )*0FL+.'?*< TCX( J)-2.*TCX( J-1)+TCX( J- 
1?) )*DEL2 

CZ=TCZ< J-l )+.S*(TrZ( J)-TrZ( J-?) )*DFL+.S*(TCZ( J)-2.«TCZ< j-l )+TCZ( J- 
12)) *DEL2 

rx‘’r>=TGXP( j-i ) + .5*(TrxF( j)-TrxP( J-?) )*dfl+.5*(Tcxp(jj-2.*tcxp< j-i ) 
l+TrZP( J-2) )*OFL? 

rz*-'n = TrZP( J -1 ) +. 5 * ( TCZP( J ) -TCZP ( J-? ) ) *n c L+. 5* ( TFZP ( J )-2 .*TCZP ( J-l ) 
1+TCXP( J-2) )*n c L? 

1 00 20? 1=1 *86 

| J=I+? 

] I F ( ALT C Jl.GP.HGT) GO TO 203 
p? fOMTlMUP 
j V\’f? ITF(6»204) 

»4 FORMAT! 1H1 * 1 5X , 39HPR0GRAM DUMPED BECAUSE ALT IS LESS THAN/16X. 

. 137HHGT AS COMPUTED BY SUBROUTINE PRELOD. ) 

STOP 

02 Y n = ALT ( J-?)-ALT( J-J ) 

Y?=ALT< J » -ALT ( J-l ) 
rPN’A = YO«Y?*( Y2-Y0) 

YO?=YO*YO 

Y’?=Y?*Y? 

C0N0=Y??*PR r SS(J-?>+(YG2-Y??)*PRESS(J-l)-Y0?*PRESS(J) 
i T"0*’C =-Y?*PR c SS(J-?)+(Y?-YO)#PRESS(J-l ) +YO#PRFSS » J ) . 

! CONP=C r > MP/COMA 

i ro\'C=CONC/COf)A 

i Df r L=HGT-ALT ( J-l ) 

| RHO=PRESS( J-l ) +CONE*DEL+CO\C*DEL*DEL 
i 9HOD=C0NB+2.*C0NC«DEL 
i alf=stalf 

; CC = OSORT(rx* fX + CZ*CZ) 
flO FPA * ( a/(?.0*V”) )*RHO*VR*VR*CC 

( F/\ s FpA * v y 

\ X Mr> OT = FP/\*s? 

[ S°ALFP=CZ/CC 
| CPALFP=CX/CC 
j r ALCULA Tf PM1-P 

1 VRMP01 = nSCRT ( VR^X*VRMX + VRMY*VRMY) 

SP=VRMX/VRMPni 
CPsVRVY/VR’-'POl 
PHIP = DATA\'2( SP»CP) 
k CALCULATF TH1-Y 

VP^YDl r r>SORT(VR*VR-VPMZ*VRMZ) 

S Y= ( -B#VRMZ+r*VR*-*YPl )/VR*#2 
rY=(r*VRMZ+n*VR”YRl )/VR**? 
owjy = r iATA\)2(SY»0Y) 

C ALCUL4T r PH1-R 

VP M R01 = DSORT ( VRX*VRX + VRZ*VRZ ) 

SR = VRX/ VR^’ROl 
, rpaVRZ/V!?^'5ni 

PHIP = OATAM? (SR»CR) 

XNX = -(rP*'-R+S lJ *SY!»SR ) ’»SRALFP*CRALFY+(SP«CR-CP*SY*SR)*CRALFP+CY*SR* 

isralfp*sralfy 

, XMY=-(SP*CY*CRAL c Y*SRALFP)-( cp*cy#cralfp ) - ( SY*SR AlFP*SRALFY ) 
XNZ=(CP«SR-SP*SY*rR)*CRALFY*SRALFP-(SP*SR+CP*SY*CR)*CRALFP 
; 1 + 0Y#CR*SRALFP« SPALFY 

RFTURN 

CMP 

■Tf g^th 



I 


l ?vmi?nijTjMc GFTH 14 

EQUIVALENCE (;*ASCOM( ) ) *0005* 1 ) ) » (MASCOM( 1 0 1 5 *TABS( 1 ) ) ♦ ( i-iASCOM ( 669 ) 
l.VFX(l)) 

* EQUIVALENCE (ODDS( 1 ) * A L F ) , (0DDM2) *RALF) *(0006(3; *CRALF) *(0DDS<4) » 

} SR ALF) * (ODOS( 6 ) ♦ ALFY ) ♦ (ODDS (6 ) » K ALFY ) * (ODQS( 7 ) ♦ CRALF Y ) » (ODDS (6 ) : 

\ 2 SR ALFY) , (Or'nS< C) *PH TO ) * (CP.DS( 10) »rPHlO ) »"( ODDS ( 1 1 ) ♦ SPH I Q ) ♦ ( ODDS ( 1 2 

. 3 ) t AO) * 1 0«^nS C 1 3 ) ♦<"PAO'S) » (OdoS( 1 u\ ♦SPAO's ) , (0DD5( 1 5 ) » PHI Pi* 'ODDS( 16) ♦ 

] !f fp) ♦ (O^DS( I'M ♦SP) ♦ ( O^Sl I A ) ♦PMT Y ) ♦ (QDr>S( TO ) ,rY ) * (GODS (20) ♦SY) ♦ 
v * (OD'.S( 7 1 ) »PMT p ) ♦ ( or'ns ( 7 7 ) ♦ ) ♦ ( OnnS ( 3 * ) ♦ SP ) *■ (Or^S ( ?4 ) »OMEf,A ) ♦ 

i 6 (OnnS( ) ♦v.f X ) ♦ (O'SHSt 76) ♦ •<f r Y) ♦ (OnnS( ?7) fV.TZ ) ♦ (Onr>S(73 ) ,VR) ♦ (ODHS 

I 7 (?0) tVPX) ♦(0PDS(3C) * V R Y ) ♦ (0005(31 ) tVRZ) ♦ (ODDS (32) ♦ VRMX ) * (ODDS (33) 

■ 3 ♦VR'-'Y) , ( HDDS ( 34) * VR"Z ) * (0PD5< 3*. ) * VRVPDI ) ♦ (ODDS( 3fc) ♦VRMYDl ) ♦ (ODDS 

\ 9 (37)tVPVRDl) 

| FO'JJVAirurF (ODnS( 38 ) *CX ) ♦ (OD^St 39 ) ♦CXMD )♦( ODDS ( 40 ) *CZ ) ♦ 

\ 1 (0DDSU1 ) ♦rz^n ) * ( OD^S ( 4 7 ) ♦CT) » ( CDQS ( 4 3 ) ♦ RHO ) ♦ ( ODDS ( 44 ) ♦ RHOD ) ♦ 

I 2 ( ODDS ( 43 ) ♦R ) ♦ ( ODDS ( 46 ) ♦ RO ) ♦ ( ODDS ( 47 ) ♦ HOT ) ♦ ( ODDS ( 48 ) » A ) ♦ ( ODDS ( 49 ) ♦ 

! 3 Vf-') ♦ (ODDS(60) ♦f,V) ♦ ( ODDS ( 3 1 ) *GGG) ♦ C ODDS C 5 ? ) ♦FPA) *(ODDS(53> *XMDOT) ♦ 

\ 4 (CDDS( S4 ) *'-'>* (ODOSt *5) ♦Pf-'A ), (ODDS ( 86 ) *PHAY) 

| FOUl VALPMCF ( COPS ( 57 ) » FA ) 

l FOUIVALFNCF ( T A«sS( 1 ) ♦ ALT M ) ) ♦ . T ARS ( 39 ) »PRFSS( 1 )) ♦ 
j 1 ( T A r»S C 7A3) ♦ a l.P w i T ( 1 ) )f(TAn^(303),Tr 7 . ( 1 ) ) *(Ta«3S(^41 ) *TCZPC1) )* 

i 7( TAp.S( 370 ) ♦Trzopt 1 ) ) ♦ ( Tars (41 7 ) ♦T'-/ v ' T ) ) ♦ (TAOS* 4*7) ♦TCXP ( 1 ) ) ♦ 

; 3( TAPS(495) ♦TCXPPC 1 ) ) 

I EQUIVALENCE (VFX( ) ) ♦ XN ( 1 ) ) ♦ ( VFX ( 4 ) * UpDOT ( 1 ) ) ♦ ( VFX ( 7 ) ♦ XRAR ( 1) ) ♦ 

\ 1 ( VFX( 10) ♦XLA.MI ( l ) ) ♦ ( V rx( 1 ■» ) ♦ X L A v f I ( 1 ) ) ♦ < V^X( 16) * XlM 1 D ( 1 ) ) ♦ C VFX (19) 

j 7 ♦XL’-* I ID( 1 ) ) ♦ ( VFX ( ??1 ♦ U 3 { l ) ) ♦ ( VFX( 75 ) .XL A ■•'•7) 

l C DUI VAL r \T r ( XN ( 1 ) ♦ XNX ) * ( XN f ^ ) * XNY ) ♦ ( XN ( 3 ) ♦ XNZ ) 

i FOU I VAl c \TF (URPOT ( 1 ) ».JD) » (LODOT(? ) »VD) » (LioOOT (3) »WD) r 

• EQUIVALENCE (XBAR( ] ) *X) ♦ (XRAR( 2 ) ♦Y ) ♦ IXMAR( 3 ) *Z ) 
i EQUIVALENCE < XL AM I ( 1 ) *XLAVl ) * (XLAMI ( 7 ) ♦ XL AM 7 ) » ( XL AM I ( 3 ) »XLAM3) 

1 FQUI VAL C NCF (XL AM I 1(1) ♦ XL A v 4 ) ♦ (XL AM I I ( ? ) ,X U AM5) ♦ (XL AMI I (3) *XLAM6) 

POUIVALFNr* (XLf'ID( 1 ) * XL ami D) ♦ (XLMID( 7) » X L A M 2 D ) ♦ (XLMI0(3) ♦XLAM3D ) 

( r OUI VALTNOF (XLMI ID( ] ) ♦ X L A M 4 D ) ♦ (XLMI IDI 7) ♦ X L A M 5 D ) ♦ (XLM!ID( 3) ♦XLAM6 
| ID) 

\ FQUI VAI.FATF (UR( ] ) *U ) ♦ CJR( 7 ) *V) ♦ (UR( 3 ) tV ) 

| com f1f>M MASCO'l 

j DJMFNSION MftSCO M ( 493 ) 

j diffusion ODO^nOD) ♦TARS(S68) ♦VFX(25) 

I DIMENSION ALT(8P) tPRESMSfi) 

| DI.’FNSIGN ALPMAT ( 30 ) ♦ T r ^( 39 ) ♦TrZP( 38 ) ♦ TCZPP ( 38 ) ♦ RX( 30 ) ♦ TCXP ( 38 ) ♦ 

I 1TCXPP( 38 ) 

DIMENSION UPDOT (3) »XN(3 ) tXPAR( 3) tXLAMI ( 3 ) ♦XLAMI I ( 3) »XLMID( 3) » 

1 XLMI ID( 3 ) »U° ( 3 ) 

POU&LF PRECISION NA SCO'1 tO^DS ♦ T APS ♦ VFX ♦ ALF ♦ R A LF tCR ALF ♦ SRALF ♦ ALFY » 

1 RALFYfCRALFY^SPALFYfPHIO^CPHICNSPHIOvAOf PH I P fCP *SP »PHI Y i 

7 .rY.SY»PHIP^RfSRfOMF'-.A tW px t -.FYtWFZtVP%VSXtVRYfVRZtVRMX < VRMYfVRMZ \ 

, 3 .VRMPr.1 , VRMYDl ♦VPMR^1,CX > CXMD *C.Z*CZ”r> ♦ rr , RHO ♦ RHOD ♦ R fRO tHGT » A ♦ ‘ 

4 VN »GM »GGG tFPA , XMDOT ♦H^PHA^PHAYtALT tPRESS^ALPHAT tTCZt j 

; *TCZPfTCZPPtTCXtTCXP»TCXP?*XNtUPDOTtXBARfXLAMI ♦ X L A N' I I ♦ XLM I D »XLM I ID » j 

6 UOtXLAM7^XMX^XNY$XNZ^UD*VDtWDiXiYfZtXLAMlfXLAM2»XLAM3 »Xl AM 4 ♦ j 

7 XLAM5 »XL AM6 ♦ XL AMID ♦ XL AM2D ♦ XLAM3D ♦ XLAM4D ♦ XLAM5D » XlAM 6D tU »V *W» | 

BSRALFPtCRALFP 

; DOUBLF PRECISION FA 

DOUBLE PRECISION SRA09fCPA09tRPHIOtRAD 
DO 1900 1=1 t3 

10 UPDOT ( ! )=FPA*XN( I > +Grc,«xn AR ( I ) 

H=XLAiV7*FPA**7 
DO 1 100 1=1*3 

10 H=H+XLAMI ( I )*UR( D+XLAMI I ( I)*UBDOT(I) 

RETURN 
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’FTC MCALC 

t S'JRPO'JTINF HCALC 

{ FOU I VALENCE < .MASCOMt 1 ) *ODDS ( 1 ) ) ♦ (MASCO.MI 101 ) »TABS( 1 ) > ♦ (riASCOMI 669 ) 

! 1 ♦ VFX ( 1 ) ) 

l FQUIVALFNFF ( QrjnS ( I ) » ALF ) *(CDDS(?) *RALF) ♦ ( ODDS(3) » CRAL F ) . (0noS(4) * 

\ l sralfj , topnsi s ) lfY) » (O'-' ost 6 ) ,ralfy ) * ( const 7 ) *cralfy i * (onnst 8) ♦ 
i 7 SR*LFY ) » (OnrvS { o ) *P m TO) * (Onn.M 10 ) *CPhj 0 ) * (Const ] ] ) >SPHIO) * (OnnS ( 1 2 
( 7 ) * a 0 ) ♦ (Const 1 *» ) ♦'■RAOP) * (On^Si 1 4 t *SRAO<>) t (0^0$ ( 1 R ) * PHI P ) » (00OS( 16)* 

; 4 fP)»l on^s ( 1 7) »SP) » ( Const 1 R ) » PH I Y ) » ( on^st 10) *FY ) » ( Onnst 70) »SY) * 

i 6 (Const 7 1 ) *PHI R ) * (const 7? ) *CR ) * (ODDS ( ?7) *SR) ♦ (OOOSt ?A) » OMEGA ) ♦ 

! 6 (OnnSt 75 ) *.v^X ) , (0DOS ( 76) *.vFY) » (OOOSt 77) »WFZ) » (ODDS(28 ) »VR) » (OOOS 

\ 7 ( 79) *VRX) * (COOS ( 70) »VRY) , (OnoGtM ) »VRZ ) » (0005(77) »VRKX) » ( ODDS ( 33 ) 

f R » VRKY ) » (OOOSt 74 ) »VRXZ) » (OOOSt 3 r ’) » VRMP01 ) *(0005(36 ) *VR.MYD1 ) * ( ODDS 
1 9 ( 77 ) » VRMpni ) 

| FOUI VALFNCF ( ODDS ( 38 ) *CX ) , ( ODDS ( 39 ) *CXM.D ) * ( ODDS ( 40 ) » CZ ) » 
i 1 (OOOSt 41) *CZMo )»(OOOS(4?)*CC)»(OODS(47)»RHO)*(ODDS(44)»RHOO)» 

{ 2 (OOOSt 45) »R ) • ( COOSt 46 ) »R0 ) ♦ ( ODOS ( 47 ) »H0T ) * ( ODDS ( 4R ) ,A) *( ODDS (49) » 

1 ’ V'-’) > (Ones ( ^0 ' ,r,v) * ( nooS( Ri ) ♦ '•-GR ) *(0D0S(5?) *FPA) *(OPOS(53) »XMOOT) * 

j 4 (0OOS( *^4) »H1 *( const ^R) » D HA )♦ (OOOSt 5A ) *PHAY ) 

( FCUIVALFNCF (const 57 ) *FA) 

I FCUIVALFMCF ( T Anst 1 ) »ALT( n ) ♦ ( TAPS(89) tPRFSSU ) ) » 

< 1 ( T ARSt 7A e ' ) » ALPHA T ( 1 ) ) » ( T ARS (703) »TCZ ( 1 ) ) » ( T ARS( 741 ) *TCZP( 1 ) ) ♦ 

i 21 T *95(779 ) » TCZPP ( 1 ) ) » t TARS (417 ) ♦ TCX ( 1 ) ) ♦ ( T ARS ( 457 ) »TCXP(1 ) ) » 

| 3<TAPS(495) *TCXPP( 1 ) ) 

FCUIVALFNCF ( VTX( 1 1 »XN( 1 ) ) » ( VFX (4 ) »UPOOT ( 1 ) ) » < VFX( 7) *XRAR t 1 ) ) » 

. I (VFX ( 10 ) * XL A v I ( 1 ) 1 ♦ ( VFX ( 17) * XL AMI 1(1)) ♦ ( VFX( 16 ) *XlMID( 1 ) ) * (VFX ( 19 ) 
j 2*XLWI !D( 1 ) ) * (VEX<22) »U3( l ) ) * ( VFX125) *XLAM7) 
t PCUIVALC-'ICF (XN( 1 ) »XNX) ♦ t XN(?) »XNY) * (XN( 3) *XNZ) 

| FOL’I VALP‘MC C (URnnT ( 1 ) »J0) , ( UROOT ( 7 ) *Vnj , (UanoT ( 3 ) »WP) 

i FCU J V&L r NCF ( X«AR( 1 ) *X) . t XRAR( 7) »Y) » (XOAR(3) ,Z) 

j r OtJIVAL c 'M r F CXLAMI (1 ) ,XLAMi ) , ( XLA^I ( ? ) »XLAM?) , (XLAV1I ( 3 ) *XLAM7) 

[ EQUIVALENCE (XL AM I I ( 1 ) .XLAM4) * ( XL AMI I ( 7) » XL AM. 5 ) » iXLAMI I (3) »XLAM6) 

EQUIVALENCE t X L M I 0 ( 1 ) .XLAN’iD) ♦ (XLMIDt?) »XLAM70) » (XLMID<3) »XLAM?D) 
i FOU I VALENCE (XLMI IDt 1 ) * XL AM4D ) * (XLY;I I D ( ? ) >XLA.:5D) * (XLN'I ID ( 3) *XLAa16 

{ 10) 

I FOUI VALENCE ( UR ( 1 ) » U ) » ( UR ( 7 ) » V ) » ( UR ( 3 ) ♦ W ) 
t cn»*MCN VASCO" 

I DIMENSION MASCOT (693) 

DIMENSION OOOSdOO) *TAHS(568)*VEX(25) 

DIMENSION Al.T( 88) *PRFSS(8C) 

DIMENSION ALPHAT(78) » T^Z ( 7fl ) ♦ TCZP < 38 ) ♦ TCZPP ( 38 ) »TCX(38) *TCXP(38) » 
t 1 TCXPP ( 38 ) 

nt Mr VST ON UnoOT(3) *XN( 7 ) *XR aR ( 3 ) * XL AM] (3) * XL AM I I (3) • XLMIDO) , 

; ixi.»'iir*i»)»uo(,3) 

OOUBLF PRECISION OFLA, DFLA2*H2 
► DOUBLE PRECISION FA 

OOUPI.F PRPCISICM DEL ♦ S rORF *DC »DA »DR 
DOUeLE PREC ’SION MASCOM »ODDS* T ARS * VFX ♦ ALF ♦ RALE »CRALF » SRALF *ALFY ♦ 

; 1 RALFY*CRALFY«SRALFY »PH I 0 *CPH 10* SPH I 0 * A 0 » PH I P *CP »SP * PHI Y 

r 2 ♦CY.SY*PHIP»CR*SR»0ME9 A»'a , FX*WEY*V»FZ *VR*VRX*VRY*VRZ*VR.MX*VRMY.VRMZ 
3 ,VRMPni *VRVYD1 .VRMR01 *CX.CXMD *CZ*CZMD * CC * RHO * RHOD » R ♦ RO * HGT * A » 

I 4 VV,GM*GGG»FPA ,XMnOT*H*PHA *PHAY* ALT » PRESS* ALPHA T.TCZ* 
5T0ZP.TCZPP.TCX*TCXP*TCXPP»XN,URD0T.XPAR*XLAMI ♦ XL AX I I *XLMID*XLMI ID* 
\ 6 Un,XLAy7»XNX»XMY*XNZ*UD*Vn*W0*X»Y »Z *XLAM1 *XLAM2 *XLAiM3»XLAM4» 

7 XLAM 5 »XLAH 6 *XLAmn»XLAM 2 n»XLAM 7 D,XLAM 40 »XLAM 5 D»XLAM 6 D< *V*W» 
8SPALFP*CRALFP 

DOUBLE PRECISION SRA09*CPA09»RPHIO.RAD 
. DEL* 5 * 1 

STORE » ALF 
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I ALP = STORE + DEL 
§ CALL PRELOD 
| CALL GETH 
I DA=H 

I ALP = ALF + DEL 
| CALL PRELOD 
1 PALL C* e TH 
n°l=H 

ALP = ALF + DEL 
call prflod 

CALL GETH 
OC=H 

ALF = STORE - DEL 

CALL PRFLOD 

CALL GETH 

da=da-h 

alf = ALF-DEL 

CALL PRFLOD 

CALL G p TH 

ob=dp-h 

ALF = ALF-DFL 

CALL PRFLOD 

CALL G p TH 

dc=dc-h 

PHA=( ,75*DA-.l 5*DB+DC/60. J/DFL 
SDA = SNGL(DA) 

SOP * SNGL(DB) 

SDC = SNGL(DC) 

WRITE (6* 1000) SDA * SDR ♦ SDC 
)0 FORMAT (^6*-' VALUES DA»DB*DC USED TO COMPUTE 
} ALF = STOPF 

stcrf=alfy 
ALFY=ST0RF4DFL 
call PRFLOD 
CALL gfth 
DA = H 



Al.FY = ALFY+DFL 
CALL PRFLOD 
CALL GFTH 
DP = H 

alfy=alfy+dfl 

CALL PRFLOD 
CALL GFTH 
DC =H 

ALFY=STORF-OFL 
CA| L PR c LOD 
CALL GFTH 
PA=PA-m 

alfy=aley-dfl 
CALL PRELOD 
CALL GFTH 
DP=DP.-H 
AL FYaALFY-DFL 

call prflod 
call gfth 

Or*DC-H 

PHAY*(.75*DA-.15*DB+DC/60. )/DEL 
SDA « SNGL(OA) 

$P«* « SNGL(OP) 

SDC « SMGLIDC) 


PHA/10X,3(E14.8*5X) ) 





WRTT C (6»?000) SDA.SDP.SOC 17 

00 FORMAT ( 37H VALUES DA.DB.DC USED TO COMPUTE PHAY/ 1 OX » 3 < E ] A . Q ♦ 5X ) ) 
ALFY=STORF 

call prelod 

CALL GETH 

! R c TURN 
END 

C TC P DHY 

SUPPOUTINF PDHY 

I F(JU I V ALFNFF (MASCOMl ' ) .ODDS ( ] ) ) ♦ (MASCOMl 101 ) .TARS( 1 ) ) » ( MA SCOM ( 669 ) 

1 l.VFX(l>) 

I EQUIVALENCE (ODDS l 1 ) ♦ ALF ) ♦ (CPDSt ? ) *RALF 1 * (0DDS( ? ) .CRALF ) * (ODDS ( A ) » 

I 1 SR ALE) » ( ODDS ( A ) ♦ ALF Y ) » (ODD^t 6) » R A L F Y ) * (ODDS( 7) » CRALF Y ) ♦ (OODS( 8 ) » 
l 2 SPALFY) ♦ ( ODDS ( 9 ) » PH 1 0 ) ♦ (OPPS( 1 0 ) * CPH 1 0 ) » ( ODDS < 1 J ! .SPHIO) * (ODDS ( II' 

I 7) ,A0) * (GDPS ( 1 3 ) .CRA09) ♦ (ODDS( 1 A 1 .SRA09) *(0000(15) *PHIP ) * < ODDS( 16) * 
j A CP ) » ( ODDS ( 1 7 > ,SP) ♦ (ODDS( IP) .PHI Y ) ♦ (ODDS( 19) .CY) » (ODDS ( 20) .SY) * 

| 6 ( ODDS ( 7 1 1 *PMTR) * (O^DS( ??) »CR) * (ODDS (7?) .SR) ♦ (OPDS(?A) * OMEGA ) ♦ 

•! 6 ( ODDS ( 7 R ) » <v F X ) , (OPPS( 76) .WFY) ♦ ( ODDS ( 77) .WFZ ) » (CODS (78 ) >VR) ♦ (ODDS 

7 ( 70) *VRX) ♦ ( ODDS ( 70 ) .VRY ) * (OnDS( 01 ) »VRZ> * (ODDS( ■>? ) .VRMX) ♦ (ODDS ( 73 , 

8 » VRMY ) » (ODDS ( 76) » VR'-'Z ) * ( ODDS ( 35 ) » VRVPOI ) ♦ ( ODDS < 36 ) . VRMYD 1 ) . (ODDS 
t 9 (37)*VRMRD1) 

FOUIVAL^NCF ( ODDSl 7P ) *rX ) » (ODDS( 39 ) *CXMD )»( ODDS ( 60 )» CZ ) ♦ 

] ( ODDS (61 ) * OZ'AP ) ♦ ( ODDS (6?) *FC) » (0PDS(631 * RHO ) »( ODDS ( 66 ) » RHOP ) * 

? ( ODDS C 6 6 ) »P) * ( O’-'PSl 66 ' * RO ) » ( ODDS ( 67 ) .HOT ) » ( ODDS ( 68 1 *A ) *( 0005 ( 69 ) ♦ 
i 3 V^) ♦ (ODDS( FO) *G?M ♦ (ODDS ( 51 ) *GGG ) » ( ODDS ( 52 ) *FPA ) » (ODDS < 53 ) »XMDOT) » 
6 ( ODDS ( 56 ) *H ) * ( ODDS ( 55 ) »PHA ) * ( ODDS ( 56 ) >PHAY ) 

FOUI VALFMCF (ODDS( 57 ) *FA) 

; f fOUJVAlfNOF ( T a=>S( 1 ) *ALT ( 1 ))*( Taps'. 89 ) *PRFSS( 1 )) » 

1 ( T APS( 7S5 ) » AL C MAT ( 1 ) ) ♦ ( T APS ( 70^ ) *TCZ ( 1 ) ) » ( T APS ( ^61 ) *TCZP( 1 ) ) » 
7(Ta«»S( 7-»0) * TrZPPt 1 ) ) » ( TAPS(61 7 ) ,TCX ( 1 n » ( TAP51657) » TCXP( 1 ) ) » 
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7(T ARS(695) *TOXPP( 1 ) ) 

FOU ’ VALFNCF ( V*X < 1 ) ♦ XN ( 1 ) ) ♦ ( VFX{ 6) »UPDOT ( 1 ) ) * ( VEX( 7) *XRAR ( 1 ) ) » 

1 ( VFX( 10 ) * XL A w ! (1 ) ) *(V C X( 17) * XL A M I I (1 ) ) » ( V- X ( 1 6 ) .XlMIO( 1) ) t ( VFX (1.9) 


7 ♦ X L M I I D ( 1 ) ) 

FOUTVALF\rF 

FQUIVAL r N r F 

equivalence 

equivalence 

fouivalencf 

EQUIVALENCE 

PQUIVALFNCE 


( V F X ( ? ? ) *JR(1 ) ) *(VFX(?F) ,XLAM7J 
(XN( 1) .XNX) » (X"(?) ♦ X N Y ) » (XM(3) *XNZ) 

(URDOT ( 1 ) *UD) » (UP.DOT (7 ) *VD) * CJRDOf ( 3 ) »/,'D) 

( XRAR( 1 ) *X) * ( XRAR( 2 ) * Y ) » ( XRAR( 3 ) ,Z ) 

( XL AM I ( 1 ) ♦ XL AM ) ) » ( XLAMI ( 2 ) ♦ XL AM 2 I ♦ ( XL AM I < 3 ) *XLAM3 ) 
(XLAKI 1(1) » XLAM6 ) * (XLAMI 1(2) *XLAM5) * (XLAMI 1(3) »XLAM6) 
(XLMID( 1 ) » XL AMID) * (XLMIDl?) » XLAM2D ) ♦ ( XLMI D ( 3 > » XLAM7D ) 

( XLMI ID( 1 ) *XLAM6D) * (XLMI ID( 2 ) >XLAM5D ) * ( XLMI I D ( 3) »XLAM6 


ID) 

FOUTVAI.pMCF ( Uo ( 1 ) *'J) ♦ (Uo( 7 ) »V ) * (UR ( 3 ) *W ) 


COMMON MASCOM 
DJMFNSION maSC0*M693) 

DTMCAJSIOM ODDS ( 100) *TAPS(568) »VFX(?5) 

DIMENSION Al.T( 38) »PRFSS( 88) 

DP’FNSION ALPHAT( 38) *TC/.( 3ft ) *TCZP( 38 ) » TC*PP ( 3B ) * KX ( 38 ) »TCXP(38) ♦ 

1 TCXPP( 38 ) 

DIMENSION URDOT (3) *XN(3) *XRAR( 3) »XLA.MI (3) .XLAMI I (3) *XLMID( 3) » 

1XLMIID(3)*UP(7) 

DIMENSION STORE ( 3 ; 

t nr-l'nLP PRPCISIOM DFLU?*nrLU*DFLX*DFLX?*M2»ST0RF 

DOURLF PRECISION MASCO*-* .ODDS * T APS .VFX * ALF . RALF .CRALF ♦ SRM.F . ALF Y ♦ 

1 RALFY.rRALPY.SRALFY.P'-'I0.^PHfO.SPHr0.''0. PH I P *CP * 5P . PH I Y 

? .CY.SY.PHIR .CR .SR.OMFOA ,WPX . WF Y ♦ WFZ . VR . VRX ♦ VRY . VRZ ♦ VRMX , VRMY . VRMZ 
3 .VRMPD1 .VRMYD1 .VRMR01 .CX .CXMD .CZ.CZMD . CC .RHO . RHOD. R . KO » HGT . A . 

I 6 VM,GM.GGG*FPA»XMD0T.H.PHA.PHAY.ALT.PRFSS»ALPHAT.TCZ. 

I 5TCZP»TCZPP. ICX.TCXP.TCXPP.XN.UBDOT .XBAR. XLAMI .XLAMI I . XLMI D . XLM I I D . 
I 6 UB»XLAM7»XNX.XNY.XNZ»UD.VD»WD»X»Y.Z.XLAM1.XLAM2.XLAM3 .XLAM6. 







i a umU 


s 


! 7 XLAN5*XLAM6»XLAM10»XLAM2D*XLAM3D»XLAM4D*XLAM5D»XlAN’6D»U*V»W» 
8SRALFP*CRALFP 
DOUBLE PRECISION FA 

DOURLF P RFC I S I ON SRA09*CRA09*RPHI0»RAD 
DFLX=100. 

D C LU= 10. 

DELX?=20P. 

DFLU?=?0. 

DO 1000 1=1*3 
ST ORF ( I ) =XBAR ( I ) 

XRAR( I)=STORF( D+DELX 
CALL PRFLOD 
CALL GETH 
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H?=H 

1 XBAR( I )=STORE( I J-DELX 
CALL PORLOD 
5 CALL O c TH 

j XL v I n f I ) = (H-H? ) /nFLX2 
X«AR( I)=STOPR( I ) 

STORE ( ! ) =UR( I ) 

U<M I)=STORF( D+PFLU 
CALL PRFLOD 

> CALL GETH 
H2=H 

UR ( I )= STORE ( I ) -DELU 
CALL PRFLOD 
CALL GFTH 

XLNITOn ) = (H-H?)/OFLU2 
UP ( I )=STORF( I ) 

■>0 rONT T NU F 
CALL PRELOD 
'“ALL G p TH 
ORTURM 
FND 

'TC STF? 

1 SURROUTIMF STF? ( DRR I V ) 

t EQUIVALENCE (‘MSCO M( 1 ) *0Di)S(l ) ) *(MASCOM( 101 ) »TABS( 1 ) ) » (MASCOM( 669 ) 

1 1 * VFX ( 1 ) ) 

\ FQUIVALR\'RF (OnnS( 1 ) ♦ ALT ) , (OODS( ? ) » R A L F ) * (0DDS(3) *CPALF) ♦ (ODDS (A ) » 
/ 1 SRALF) » ( OD^S ( 4 ) * ALFY ) ♦ ( C"OS( 6 ) *RALFY ) * (0005(7 ) .CRALFY ) » (ODOS(R) ♦ 
t ? SR ALFY) » (0*0S (o ) * PH T 0 ) » (0OOS( 10 ) »CPMT 0) » (OOnS (11) »SPHI0) » (OOOS( 12 
3) ♦ AO) t <0"nS( V» ) »RRA0O) *(OQR>S( 14) »SRA0O) » <ODOS( 1 3) *PHJP) *(0005(16) » 

> 6 CP) ♦ (0OOS( 1 7) ,SP) * ( 0005 ( i 8 ) *PH! Y) » (ODOS( ]R) »CY) ♦ (ODDS (20) »SY) * 

A < ODDS ( 2 1 ) *PHI R ) »(OOOS(22) *CR) »( ODDS (73) »5R) »( ODDS (24) *OMEGA) * 

i. 6 (OO^St 75 ) * W R X ) ♦ (ODDS (76 ) ».VFY) ♦ (ODOS( ?7) »W FZ) * (ODDS (28 ) *VR) »(ODDS 
7 (?9) * VR X ) * (ODDS ( 30) *VRY) * (ODDS (31 ) » VRZ ) » ( ODDS ( 3? ) » VRMX ) ♦ ( ODDS ( 33 ) 

» A » VR V Y ) . ( 00 n S ( 34 ) *VR”Z) » <0OQS( 35) tVRMPDl ) » (ODDS ( 36) *VRMYD1 ) » ( ODDS 
9 ( 37 ) » VRMRD1 ) 

. EQUIVALENCE ( ODDS ( 38 ) >CX ) * ( ODDS ( 39 ) » CXMO ) » ( ODDS ( 40 ) *CZ ) > 

1 ( ODDS ( 4 1 ) * CZ'AQ ) » (OOOS(4?) *0C) . (ODDS (43) ,RHO) ♦ ( ODDS ( 44 ) * RHOD ) . 

■ 7 (0005(44 ) *R ) » ( 00^5(46) *R0) *(0005(47) » HOT ) * ( 0O0S( 46 J »A ) » (00DS(49) ♦ 

, 3 V«) « (000S( PO) »CM) » ( 0*05(41 ) »r,CG) » <OD*S( 6? ) »FPA ) ♦ (ODDS ( 43 ) »XMD0T ) ♦ 

4 ( 0O0S( 44 ) »M) * (OOOST 44) *PMA ) ♦ (0ODS< 46 ) *PHAY) 

FOlir LFMCE ( ODDS ( 67 ) *FA ) 

■ FQU1 <_RNCF ( TARS( 1 ) »Al T( 1 ) ) ♦ ( TARS(89) *PRESS( 1 ) ) » 

1 (TARS (764) , ALPHA T( 1 ) ) » (TAOS (303) ,TCZ(1 ) } » (TARS (341 ) »TCZP( 1 ) )» 

?( TARS(*79) ♦ TcZPP ( 1 ) ) ♦ ( TABS (41 7) * T CX ( 1 )).( TABS (457) »TCXP( 1 ) ) * 
3(TAPS(495) »TCXPP( 1) ) 

> FOUIVALRNCF ( VFX ( ) ) *XN< 1 ) ) ♦ ( VFX ( 4 1 »UB0OT( 1 ) ) t ( VFX ( 7 ) »XBAR ( 1 ) ) t 

1 (VFX( 10) » X'LA^ I (!))*( VEX( 13) *XLAMI Id)) * ( VFX ( 16 ) *XlMID( 1 ) ) » (VEX( 19) 


! 



} 

\ 

1 

l 

\ 


2*XtMI TO ( 1 ) ) » 
FQUJ VAL c N’ r F 
PQUTVALFNCF 
FOUIVALFNFF 
FQUIVAL c N'"F 
EQUIVALENCE 
EQUIVALENCE 
EOU! VALFNCE 
) 


( VFX( 22) *UB( ! ) ) » ( VFX(2 r >) * X L A M 7 ) 19 

( X N ( 1 ) *XMX ) , ( XN( 2 ) » X.NV ) * ( X N ( 3 ) »XNZ ) 

(UPDOT ( 1 ) tljnj , I UPDO r (? ) *VD) » !U«DOT ( 3 ) ,WD) 

( XRAR< 1) ,X ) * ( X'*AR< 2) »Y ) , (XBAR< p } »Z ) 

(XL AN* I ( i ) ♦ X L A *>' 1 ) * (XI.ANM (?) »XL & V 2 ) * (XL AM t ( 3 ) jXLAV.i ) 

( XL AM I l ( 1 ) » XL AM4 ) , ( X L A M I 1(2) »XLAM5 ) » ( XL AM I I ( 3 ) »XLAM6 ) 
(XLMID( 1 ) .XL AMID) » < X L M I D ( 7 ) » X L A M 2 D ) »(XLMIDO) * X L A M 3 D ) 
(XLMI 1D< 1 ) » X L A M 4 D ) , (XLf'.I ID( 2 ) »XLAi'’.5D) * (XLMI I D ( 3 ) »XLAM6 


OU I VAL C NCF (U0( 1 ) »U ) * (UB( ? ) »V > » (Ue( 3) »W ) 


COMMON MASCOM 


DIMENSION MASCO" ( 693 ) 

DIMFNSION ODOS(IOO) »TABS(568) »VFX(25) 

DIMENSION AI.T(88> ♦PRESS(flP) 

DTMFNSION ALPHAT(P8) »T^Z(38) »TCZP(38) ,TrZPP(38) »TCX(38) »TCXP(38) » 

1 TCXPP( 38 ) 

D I V FNS I ON UPOOT ( 3 ) *XM ( 3 ) »XP.AR ( 3 ) * XL AM I ( 3 1 »XL AMI I < 3 ) »XLMID( 3 ) ♦ 

1 XL ‘-M ID ( 3 ) »L IC M 3 ) 

DIMENSION DFR I V ( 14 ) 

DOUBI E PPFC1SIOM DFR IV 

DOUBLE PPFC IS 1 ON MASCOM , ODDS * TABS * VEX » ALF » RALE «CRALF * SRALF ♦ ALFY » 

1 RALFY ,CRALFY, SRALF Y*I’HI0»CPHI0»SPHIC»A0*SA09»CA09*PHIP*CP»SP»PHIY 
? • CY »SY »PH 1 R, CP *SR ♦OMFOA»'.vFX,WEY» WE Z ♦ VR * VRX » VR Y * VRZ * VRMX * VRMY ♦ VPMZ 

3 » VRMPDI » VR'iYD 1 » VRMRD1 »CX »CXMD ,C.Z,CZMD * CC ♦ RHO , RHOD » R » RC * HOT * A * 

4 V v i * G M » G G G ♦ F P A »XM.DOT * H , PH A ,PH AY , AL T » PRFSS , A L PH AT » TCZ* 

STCZPtTCZPP* TCX *TCXP»TCXPP«XN»UP,nOT *XBAR*XLAMI »XLAM| I ,XLM I D * XLM I I D » 

6 UP ♦ XL AM7 * XNX » XNY * XNZ * JD » VD * v«D » X * Y * Z ♦ XLAM1 * XL AM2 * XLAM3 * XL AM4 • 

7 XL AMS » XL AM.6 ♦ XL AM 1 D » XL AM?D »XL AM3D » XL AM4D * XL AM. 5D * XLAM6D »U ♦ V ♦ V! * 


i 8SPALFP,r.PALFP 
1 DOUBLE PRECISION FA 

i DOUBLE PRFCISION SRA09 *CRA09 *RPHIO »RAD 
1 DO 1000 1=1,3 

L DFRIV( I )=U«< I) 

1 D F R I V ( I+3)=UBD0T( I) 

DFR I V ( I+6)=XL M ID( I ) 
fo DFR I V ( 1+9)=XLM!ID( I ) 
l RETURN 
J END 
JTC STF] 

j SUP ROUT JNF STFl(XVAL) 

> FOUIVALFNCF ( MASCOM ( 1 ) *OnDS ( 1 ) ) » ( MASCOM ( 1 01 ) » TABS ( 1 ) ) * ( MA SCOM ( 689 ) 
i ItVFX(H) 

j FOUIVALFNCF (ODDS( 1 ) , ALF ) » (ODDS( 2 ) *RALF ) » (ODDS( 3) »CRALF ) » (0DDS(4) , 
j 1 SRALF ) » ( ODDS ( A ) » ALFY ) , ( ODDS ( 6 ) *RALFY ) , ( ODDS ( 7 ) * CRALF Y ) , ( ODDS( 8 ) » 

| 2 SR ALFY ) , t OnnS ( Q ) » PH 1 0 ) * ( O^DSI 10) »f PHIO) ♦ (ODDS ( 1 1 ) »SPH 10), (ODDS ( 1 2 
3) »A0) » ( ODDS ( 1 3 ) >CPAOO ) , (ODDS( 14 ) »SRA09) * (ODDS( ) 5 ) *PKIP ) * ( ODDS( 16 ) * 

V 4 CP) * ( OPPS ( 1 7) *SP) » (ODDS ( ] 8 ) » PH T Y ) » (ODDS( 19) *C V ) » (ODDo ( 20) »SY ) , 

, 5 ( ODDS ( ? 1 ) » D H ! R ) , (ODDS (2? ) ,CR) * I ODDS ( 2 3) >3R) , (ODDS (24) vuMEGAt , 

1 6 (ODnS( 25 ) »’*FX ) » (ODDS ( 26 ) *4EY) , ( ODDS ( 27 ) *.\"-'Z) * (ODDS ( 28 ) »VR) » (ODDS 
7 ( 20) tVRX) ♦ (ODDS( PO ) ,VRY ) , (ODDS (31 ) ,VRZ ) , (ODDS( 3?) *VRMX) , ( ODDS ( 33) 
' « » VRMY ) » (ODDS ( 34) »VRMZ) » (ODDS( 3 5) » VRMPD ! ) » (0DnS(36) tVRVYni) ♦ (ODDS 
9 ( ’7) , VRMPDI ) 

* FOUIVALFNCF ( ODDS ( 1 8 ) ♦ CX ) * ( ODDS ( 39 ) » CXMD )»( ODDS ( 40 )» CZ ) , 

j 1 (ODPS( 41 ) »CZMD ) , ( ODDS ( 42) *CC) »(0PD C (43)»RH0) *(0DDS(44) » RHOD ) » 

V 2 (ODDS (45) *R) ♦ (ODDS (46) »R0) »( ODDS (47) »HOT ) * (ODDS (48) »A) » (ODDS (49) ♦ 
/ p VM) , (ODDS( AO) »GM) » (ODDS( A1 ) »GGG) » ( ODDS ( 52) »FPA) , (ODDS ( 53) »XMPDT) » 
( 4 ( ODDS( A4 ) ,H ) , ( ODDS ( 55 ) * PHA ) » ( ODDS ( 56 ) ♦ PHAY ) 

I EOIJIVALFNCE (ODDSl 57 ) »FA ) 

\ EQUIVALENCE ( T ABS( 1 ) ,ALT( 1 ) ) » ( TABS(89 ) »PRESS( 1 ) ) ♦ 

I 1 ( TAPS ( 265 )',ALPHAT<1 ) ) , < T APS ( 303 ) » TCZ ( 1 ) ) » ( TABS ( 34 1 ) ,TCZP (1) ), 


i 


?(TARS(370),TrZPP(lU*(TAnS(417)«TrX(1)),(lARS(4E7) , TCXP( \ ) ) , 20 

7(TAPS(495) * TrXPP ( ] ) ) 

fOUTVaLfak* (VcXIl ) ,XN< 1)1, ( V r X ( 4 i .URHOTM 1 ) , < V ^ X ( 7 i *XRAR( 1 )) » 

i (VPX( 10 ) »XLAVT ( 1 ) 1 , ( VFX( 1 •» i >XLA*'I J ( 1 ) ) » ( VfX( 16) »XLMJD( 1 11 » < VFX (19) 

?*XLMT 1 0 ( 1 ) > , ( VFX( 22) *UR( 1 ) 1 * ( VFX ( ? ? ) , XL AM7 ) 
cfJUIVALFVrF ( X M < 1 ) ,XNX) , ( XV ( 7 ) »XNY ) , ( XP» C 3 ) *X,YZ ) 

FCUIVAl.r^rp (un^OT ( 1 ) ,1)0) , (URDOT ( 7 ) »Vp) i (UPOOT (3) ,'aP) 

FOUIVALFNrp ( XRAP ( 1 ) ,X) , (XRAR( ?) ,Y ) * ( XRAR( 3 ) ,2 ) 

FQUIVAL^NCF ( XL AM I ( 1 ) tXLAM) ) , ( XLAM I ( 2 ) ,XLA : -'2) * ( XLAM I ( 3 ) >XLAM3) 
EQUIVALENCE ( XLAM I Id) ,XLA*4 ) , ( XL Aid 1(2) tXLAM5) ♦ ( XLAM I 1(3) *XLAM6) 
EQUIVALENCE (XLMJD( 1 ) , XL AMID) , ( XLM1D(2) » XLAM2D ) » (XLtfIDO) , XLAM3D ) 
FQUIVALFNCF ( X L M I I D C 1 ) *XLAM4D) » (XLVI I D ( 2 ) , X L A M 5 D ) t (XLMI ID( 3) ,XLAM6 
ID) 

c 0U1VALFNjrF (UP. ( 1 ) ,U ) , (UR( 7 ) ,V) , (UP ( ? ) ,W ) 

COMMON m ASCOM 
DI^FMSinN MASm^(697) 

DIMENSION ODDS ( 100) , TAPS i 56 8) »VFX(25) 

DIMENSION ALT(88)»PRESS(38) 

DI VFNSION ALPHATl 38 ) »TcZ( 33 ) ,TCZP (38) * ICZPP ( 7fl ) * T CX ( 38 ) »T('XP( 38 ) ♦ 

1 TCXPP(38 ) 

DIMENSION UPDOT ( 3 ) »XM3> ,XBAR( 3) ♦ XLAM I < 3 ) » XLAM I I (3) ,XLMIO( 3) » 

1 XL M 1 1 0 ( 3) * U R ( 3 ) 

DIMENSION XVAL ( 1 4 ) 

DOUBLE PRECISION XVAL 

DOUBLF PRECISION M ASCOM , ODDS , T APS » VFX , ALF , RALE *CRALF » SRALF , ALFY , 

1 RALFY,CRALFY,SPALFY,PHIO,cPHIO*SPHIO»AO*SA09*CA09»PHIP»CP»SP»dH! Y 

2 »CY»SY,PuiR,rR,SR,OMFGA»WFX,WFY,WEZ ,VR,VRX ,VRY,VRZ ,VRMX,VRMY,VRMZ 
■a , VRMP 01 ,VR'-'YD 1 ,VRVRDi ,CX,CXMD ,CZ,CZ M D *CC ♦RHQ»RHOD»R *R0 »HGT »A » 

4 VM,GM,GC.C.»FPA,X -‘DOT»H,PHA ,PHAY,ALT,PRFSS*ALPHAT ,TCZ» 
STcZP»TcZPP»TCX»TCXP»TCXPP»XN,URnOT »XRAR»XLAMI * XL AM I I » X LM I D * X L M I ID, 

6 UP,XLAM7,XNX,XNY,XNZ»UD*VD»WD»X,Y ,Z ,XLAM1 , XL AM2 , XL AM3 * XL AV4 » 

7 Xl.AMS*XLAV6,XLAMlD*XLAy,2D»XLAM3D»XLAM4DiXLAM5D*XLAM6D*U,V,W, 
8SRALFP,CRALFP 

DOUBLE PRFCISION FA 

DOURLE PRFCISION SRA09 , CRA09 , B , RPH 1 0 
DO 1000 1=1,3 
XVAL ( I ) =X°AR ( I ) 

XVAL ( I+3)=UP( T ) 

XVAL( I+6)=XLAMJ ( I ) 

>0 XVAL< I + 9)=XLAMH ( I ) 

RF TURN 
PND 

rTC STF3 

SURROUTINF STFR(XVAL) 

EQUIVALENCE (M ASCOM ( ] ) ,0003 ( 1 ) ) , (MASCONM 10) ) * 1 ABS ( 1 ) ) » (MASC0M(669 ) 

1 * V E X ( 1 ) ) 

; EOUIVALFNCE (ODDS(l) » ALF ) , ( ODDS ( 2 ) ,RALF) , (ODDS! 3) , CRAL F ) ,(0DDS(4) , 

; 1 SPALF) » (ODDS( 5 ) » ALFY ) , (QPP3( 6 ) > RALFY ) » (ODDS( 7 ) , CRALFY ) ♦ ( ODDS! 8 ) , 
j ? SR ALFY ) , (CODS ( 9) *PHT0) * ( O^PSt 10 ) ,CPHI0 ) , (OODS( ) 1 ) »SPH 10), (C^DS ( 1 2 
| 3 ) ♦ AO) »( Finns ( n ) »r RAOO) , (0nr>S(.14 ) »SRA09 ) , (O^DSf 1 8 ) »PHTP ) ♦ ( ODDS! 16), 
4 FO| , (OonS( i 7) ,SP) » ( rnnS ( 1 8 ) ♦ PH T Y ) , ( OnnS( 1 9) *rY ) , (ODDS ( 20) »5Y ) , 

! * ( ODDS ( 7 1 ) »PH?P) »(0DPS(2?) » r R) * (ODDS( 27) ,SP) , (ODDS! ?4) »Of'EGA ) » 

; 6 (OD r 'S( ?6) ,WCX) ♦ (Qfins( ?(,) ,WFY ) , (ODDS! ?7) tWrZ) , (OnDS(?8 ) »VR) ♦ (ODDS 
7 ( 2°' »VRX) , (QDDS( 70) »VRY) , (ODDS! 31 1 »VRZ) , (ODDS ( 32) »VRMX) » (ODDS! 33) 

- 8 »V *MY) » ( ODDS ( 34 ) » VRMZ ) ♦ ( ODDS ( 36 ) * VRMPD1 ) * (ODDS (36) »VRMYD1 ) » (ODDS 
9 ( 37 ) »VRMRD1 ) 

FOUIVALFNfc (ODDS(38) »FX) » (ODDS( 39) »CXMD 1 ♦ (0DD3( 40) *CZ > » 

, 1 (ODDS( 41 ) »CZMD ) * ( ODDo (42) »CC) *(0DDS(43)»RH0) »( ODDS ( 44 ) t RHOO ) » 

‘ 2 ( ODDS( 45 ) *R ) * ( ODDS! 46 ' »R0) » ( ODDS ( 47 ) » HOT ) , ( ODDS (48 ) *A ) » (ODDS < 49) . 


; 3 VM ) * (ODDS ( SO ) » * ( ODDS ( 6 1 ) • GGG ) ♦ ( ODDS ( 52 ) ♦ FPA ) . ( ODDS ( 53 ) fXMDOT), 




" REPRODUCIBILITY op the original page IS WtuMjl 


, A (0*DDS( *H) * (ODDS< ) »PHA }» (0005(56) *PHAY ) 21 

r > c o | 'I val^m^f (O005( 57 ) ♦FA ) 

f FOUIVALFKirF ( TA«»S( 1 ) »ALT (l JJ * ( TarS(89) »PRCSS( 1) ) » 
l 1 (TARS( ?*.$) *ALPHAT( ) ) ) • < T A<>S( 70* ) *TCZ ( 1 )) * ( T ARS(341 ) *TCZP( 1 M • 

| 2<TARS(379) ♦ KZPP( 1 ) ) »( TARS(M7) *TrX( 1 ) ) ♦ (TARSU57) »TCXPll ) ) ♦ 

| 3(TARSU9F ) »TrXPP( 1 ) ) 

| FOUTVAL^'N^F ( VFX ( 1 ) »XM( 1 ) ) * ( VFX ( A ) » UROOT ( 1 )) * ( V*-X ( 7) *XRAR ( 1 ) ) » 

! 1 ( VFX ( 10 ) »XLAMT ( |)> » < VFX( 17) »XLAMI I ( 1 ) ) » ( VFX( 16) »Xl.M 1D( 1 ) ) » ( V^X t 19) 
j 2*XL y I in ( 1 n » ( VFX( 2 2 ) »UR( ) ) ) * ( VFX ( 26 ) ,XLAM7) 

FQUIVALFNFF (XN( 1 ) *XNX) ♦ (XN( 2) *XNY ) » ( AM 3) *XNZ) 

FQU I VALFNCF (URO0T( 1 > * JO) » CJRDOT (2 ) »VQ) . (URD07 (3) »WD) 
j EQUIVALENCE ( XRAR( 1 ) *X) * ( XR AR ( 2 ) » Y ) » ( XRAR( 3 ) »Z ) 
i FQUI v'ALFNCT ( XL AMI ( 1 ) * XL AMI ) * ( XL AMI ( 2 ) »XLAM2 ) * ( XL AM ! C 3 ) »XLAM3 ) 

{ fqui VAL c NrF ( XLAMI I (1 ) *XLAMA) » ( XLAMI T ( 2) *Xt.AP^) » ( XLAMI I (3 ) » XLAM6 ) 

\ FQUI VALFNFF ( XL M IP( 1 ) * XL AM I 0) ( XL^IOC 2 ) ♦ XL AM?D ) * ( XLMI D ( 3 ) » XLAM3D ) 

| FQUIVALFMCF (XL V I ID( 1 ) * XL AMAD ) » (XLMI I (M2 ) >XLAM5D) » (XLKI IDO ) »XLAM6 
i IP) 

{ FQUIVAL^N^F ( U R < 1) »U) * ( U R ( 2 ) * V ) » ( U R ( 3 ) * V. ) 

• COMMON A'ASCOV 
j DIMENSION M ASCO f/ ( 693 ) 

5 DIMENSION ODDS( 100) *TA3M568) *VEX(25) 
f DIMENSION ALT ( 88) *PRESb< 33 ) 

ni’-'ENSION ALPHAT ( 78) , TCZ ( 78 ) *TCZP( 38 ) » TCZPP ( 38) »TLX(38 ) *TCXP( 38) ♦ 

I ] TCX p P( 38 ) 

DP'FNSION URHQT (7) »XN( 7 ) .XRAR ( 3 ) ,XLAMI ( 3 ) » X L A M I I ( 3 ) »XLMID( 3) ♦ 

] Xl."!ir>( ■») ,UPO) 

DP'FNSIQM X V A L ( 1 A ) 

DOURLF RPFCTSION XVAL 

D0URL c FRFC IS! CM MASCOM » ODDS ♦ T ARS ♦ VFX , ALF * RALF *rRALF » SKALF » ALFY * 

1 RALFY»rpALFY,SRALFY»PHl0»rc>HI0»5PHlO»A0*SA09 »C A09 * PH I P »CP »SP »PH I Y 

2 *fY»SY*PHIR ».'R *SR * OMEGA » WFX » ttFY ♦ rtFZ ♦ VR » VRX ♦ VR V * VRZ *VRMX * VRMY » VRMZ 

3 »VRMPr>l ,VR-'YD 1 ♦VRMRDl *CX*rXM0 ,CZ»CZ’^D > CC » RHO » RHOD * R » HO * HGT * A * 

A VM » GM *GGG ♦ FP A » XMDO T » K » PH A * PHAY , AL T , PR ESS ♦ ALPHA T , TCZ * 
bTcZP»T''ZPP,TcX, TCXP*TCXPP*XN,URDOT»XBAPUXLAMI ♦XLA-XI I *XLMID»XLMI ID» 

6 UP ♦XLAf- , 7»XMX*XMY *XNZ ♦ JO ♦ VO ♦wD ♦ X » T » Z ♦ XL AMI » XL AM2 » XLAM3 ♦ XL AM4 » 

7 XL AM9 ♦ XL AM6 » XL AMI D * XLAMZD » XL AM3D » XLAMAD * XL Ai-ibD * XlAM&D »U » V * W ♦ 

: 8 c -RALFP,rRALFR 

DOl'Ri F PR C CISIQM FA 

nOURLF PRcriSTOA' SRA09»CRA09*RPHI0»RAD 
on iooo 1 = 1*3 
XRAR( I ) =XVAL ( I ) 

UR< I )=XVAL ( I+* ! 

' XL AM I ( I )=XVALt 1+6) 

[0 XL AM 1 1 ( J )=XVAL( 1+9) 
j RETURN 
j FND 
v'TC SHIFT 

SURROUTINF SHIFT (A»n*K) 

DIMENSION A ( 1 A ) *R( 1 A ) 

QOliRLF PPFCISIOM A *R 
r>0 1 000 1 = 1 » < 

,0 A ( I ) =R ( I ) 

| RFTUPM 
f c NO 

I T C TOR AT E 

SURROUTINF TQR ATF ( N » DT ) 

1 D I M ENS I ON XVAL ( 14) »$TDRV( 1 A * A > »STORX( 14) *PCN( 14) 

I DOU9LF PRFCISION STDRV *ST0RX * PCNtXVAL 
1 IF (N.GT ,3) GO TO 1000 
{ CALL PDHY 



t 


TALL G F T H 22 

l r a t l r? vr i \t r ( r> r , 

l C ALL STF? ( STDRV i 1 ,M) ) 

I RETURN 
pO rnMTiwijP 
f CALL 5TF1 (XVAL ) 

| CALL PDHY 
l CALL G C TH 

* CALL STF2 ( STORVU *4) ) 

| CALL SHIFT ( ST0RX*XVAL»14) 

k 

% 

| PRPDICTOR - ADAMS PASHFORTH 

¥ 

i do noo 1 = 1,14 

* XVAL ( I ) =STORX ( I )+nT*<-9.*STDRV( 1,1 ) + 37. »STDRV< I »2 )-59,*STDRV< 1,3) 

| 1+S C .*STDRV( I >4) )/?4. 

|00 COMTTNUF 

I no 1200 j=i ,3 

!o.O CALL SHIFKSTDRVI 1»J) »STDRV( 1 ,J +1 ) *14) 

* CORRECT CR - ADAMS 8ASHF0RTH 

I 

* CALL STFS(XVAL) 

I CALL PDH V 

| CALL G c TH 

\ TALL STF?(STno V (] ,4) ) 

■ DO noo 1=1,14 

STORX ( T )=STORX ( J ) +Dl * ( STnRV ( I * 1 )-5.*STDRV( I , 2 > + 1 9 . *STDR V ( 1*3) 

| ]+9.#STDRVU *4) )/?4. 

(00 PCM (I ) =STORX ( I )-XVALU ) 

■ CALL STF3(ST0PX) 
po RFTURN 

|ftc comv 

‘ S'JOROUT INF CONV ( R » A , X ) 

I DI WE MS JON A (21*8(2) 

\ PFAL M I MU 5 . 

* DATA PLUS/1H+/ »MIMUS/1H-/ 

; FOUIVALFMOEt FX , IFX) 

1 DO 1000 I = 1 , K 
\ IFX=0 
I JJA = 5*1-3 
; X=A ( I ) 

I F ( X ) 100S, 1001 ,1010 
"1 R(JJA)=PLUS 

R ( J JA+2 ) = PLUS 
; R ( j J a 4- 1 ) = 0.0 
1 GO TO loco 
OF R (JJA)=VMMUS 
X *5 -X 

GO TO 1020 
JO R(JJA) = PLUS 
?0 COWTfMUF 
1 P ( J JA+2 ) = MINUS 

IFtX.LT.l. ) GO TO 103S 

f * R ( J JA + 2 ) = PLUS 
5 IF(X.LT.) . ) GO TO 1040 
IFX=tFX+l 
X=X/10. 

GO TO 102S 



23 


T c ( X.^- r * « 1 ) r.n TO 1040 

I l^x^r^x+i 

I x=x«io. 

f OO TO 1035 
*0 P ( J J At t ) » X 
fo B ( s ! J4 + 3 ) = FX 
| RETURN 
I E K, D 
| ' RK I NT 

• Sl’OROUT I NE P< I NT f OT ) 

DIMENSION XK( 1 4,4) »ST0RX( 14) *XVAL(14 ) ,nFRIV( 14) »C( 3) *D(4) 
j OOrPL^ P3-C1SI0N C»O< r RIV»0 » 5T0°X • XK »X VAL 

j <'(1) = . R 

i rt?)=.5 
! r ( 3 > =i • 
i 0( 1 )-. 166666667 

: 0( 2 )=.3333?77-ao 

! D(3) = .3^3‘>3^333 

0(4)=. 166666667 
DO 1000 J= 1 , 4 
CALL STFl(XVAL) 

CALL SHIFT (LTORX»XVAL» 14) 

CALL pohy 
call C-PTH 
call S t F?(0-?IV) 
no 1 000 1=1,14 
X< ( I , J) =nT*ncp i v( I ) 

IF( J.NF.l ) XVAL ( I ) =STORX ( T ) +C ( J-l ) *XK ( I » J ) 

0 FONT I \"JF 

no 1100 1 = ] ,14 
XVAL( I)=S10RX( I ) 
no non j= 1,4 

: 0 XVAL( I )=XVAL( I )+XKU »J>*0( J) 

CALL STF3(XVA|.) 

RETURN 

rwn 

TC jACnp 

5lipRni.lT JWF jACOP(HH,nFLl » nFL ?? ) 

FOL'IVALFNCF (**ASCOM( l ) ,0nr>5 ( 1 ) ) , (maSCO'H 1 0 1 ) »TAOS( 1 ) ) * ( MASCO^C 669 ) 

i»vrxnn 

| FOUIVAL c NCF (onns, 1 ) * ALF ) » (ODDS <2 ) »RALF ) » (onni ( 3 ) *CRALF ) , (ODnS( 4) » 
| 1 SRALF) » ( OOOS ( 5 ) » A LF Y ) , <0003(6 ) ,RALFY) , (00nS< 7 ) »CRALFY ) , (00DS<8) » 

2 SRALFY ) ♦ (OODS(R) tPHJO) » 1 000$ ( 10 ) ♦ CPU I 0 ) » ( CODS ( 11 ) ,6PHI0) >(0003(12 
3) »A0) , (ODOot IP ) »CRA09) , (0n03( 14) , SR A 09) , (00D3( 15) ,PHIP) » (GDDS( 16) » 
4 CP) , (OODSi 17) ,SP) , (Or>OS( IP), PH 1 Y ) * ( 00DS( IP ) ,CY ) , (ODDS ( ?0 ) »SY) » 

R (Onn 5 (?i j ,PMTR) , (OnnS( 7?) ,CR) , (ODDS ( 23) >5R) , (OnOS( ?4) , OMEGA) , 

J 6 (ODOS( 76) ,WFX ) ,(0OOS(76) , «VF Y ) , (OnnS( 77) *WFZ ) , 5 0005(20 ) »VR ) » (OOOS 
7 ( ?0| ,VPX) , ( nnr>5( 70 ) ,VRY ) , (OnnS( Pi ) , VRZ ) , (00n5 ( 7? ) »VRMX ) , ( 0nr>S( 73 ) 
P *VPMYt , (nor>S( 34) , VR*'Z ) * (0O0S( 3* ) , VRMPn ) ) , (OnPS( 76) » VRMYn ] ) , (OOOS 
9 (77),VR«R01) 

RQUIVAi.FWrF (OOHS( 70 ) ,rx ) , ( OnnS( 79 ) *CXMn ),( OOOS ( 40 ) »CZ ) * 

1 (000S( 4]) *cZf'r> ) , (OOOS( 47) ♦CC) » (COnS( 43 ) ,RHO) » (ODOS( 44) ,RH0O) , 

7 ( OOOS ( 46) » R ) , ( OonS( 46) *R0 ) , ( 0OoS( 47 ) ♦HC-T ) , ( 000S( 48 ) * A ) » ( 000 S( 49) » 
. 3 W) , (onr<S( 60) »GM) » (O^oSI 6] ) , GGO ) ,( 0006 ( 57 ) ,FPA) » (ODDS ( 53) ♦X^OOT) » 
f 4 ( OOOS ( 64 ) »H ) , i OOOS ( 55) »PHA) ,(OOOS(56) »PHAY) 

* FOU I VALENCE ( OOnS ( 57 ) *FA ) 

i '"HJfVAL c NCF (fA^Sd ) ,ALT(1 ) ),( T AF)S ( 89 ), PRESS ( 1 ) ), 

i • S( 765) » ALPHA T ( 1 ) ) , ( TAPS (703) ,TCZ(1 ) ) , (TAPS (341 ) ♦TCZPd ) ) , 

I 7 5 I A PS (7 7o, ,Tr2PP( 1) ) , ( TAn.S(41 7) ,TCX( ) ) ) , i TABS (467) ,TCXP( 1 ) ) , 

J 7(TAPS(495) fTCXPPM ) ) 


T 
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F ';L'IVALFN''F ( V F X ( 1 I »X'<( 1 n » < VPX( /, ) ♦U3P0T ( 1 > ) ♦ ( VFX( 7) ♦ XRAR ( 1 ) ) » 

1 ( VFX( TO) ♦ X L A M I ( 1 ) ) ♦ ( V F X ( 1 3 ) ♦ X L A " I I ( 1 ) ) ♦ ( VFX ( 1 6 ) ♦Xi.MIDt 1 ) ) ♦ ( VEX ( 2 9 ) 
?»XL W I ! ( 1 ) ) » ( V?X( 77 ) *U9( 1 n ♦ ( VFX< 2* ) »XLAV7i 

l FOUIVALFNTF ( XN( ] ) ♦XNX) ♦ ( X* ( 2 ) ^X^Y ) ♦ < XN( 3 ) ♦XNZ ) 

T FfJUl VAL c Nr c ' ( 'J o no I ( 1 \ ♦ JO ) , ( u“«r.OT * / 1 ♦ V r ' ) ♦ CJPQO F f "» * * WD > 

! FQUIVALFNCE ( XBAR ( 1 ) ♦ X ) ♦ ( XR AR ( 2 ) ♦ Y ) ♦ ( X B A:<( 3 ) ♦ Z ) 

EQUIVALENCE ( XL AM I t 1 ) ♦ XL AMI > ♦ < XL AM I l ? > ♦XLA , -'2 ) ♦ ( XL AMI ( 3 ) ♦ XLAM3 ) 

EQUIVALENCE ( XLA MI ( 1 ) ♦ XL AM A ) ♦ l XL A*»' 1 I ( ? ) ♦ XL AM 5 ) , < XLAMI I ( 3 } ♦ XL AM 6 ) 

f QU I VAL c N'"E ( XLVinl ] ) ♦ XL AM 2 D ) ♦ ( XLM I 0 < ? ) ♦ XLAM2D ) ♦ ( XLM I 0 ( 2 ) ♦ X L A S' •> D J 

•"QU! VAL^NFF ( XL (/ I IOC 1 ) ♦ XI. A SADI ♦ ( XL?* 1 ! 0 ( 7 ) ♦ XLASiSD) ♦ ( XLM I 10(3) ♦XLAS '6 

ID) 

FOl'I VAI.CNFF (UP ( 1 ) ♦U ) ♦ ( UR ( 2 ) ♦ V ) 1 (UP ( ■* ) ♦i*.' ) 

fnv«o M v b c )C n •/ 

OT'-’FNSIQN v.A PCOS'( 693 ) 

n|A*cvstr»M 0^(100) ♦TA«5(Ff)P) ♦VFX(25) 

PI Mr NS l ON ALT ( 88 ) tPRFSS( 8 R) ♦<( 88 ) 

DIMENSION ALPHAT ( 38 ) ♦ TCZ ( *8 ) ♦ KZP'. 38 ) ♦ TCZPP( 38 ) ♦TcX(38 ) ♦TCXPt 38) ♦ 

* 1TCXPP( 38 ) ♦ J ( ?R ) 

. 0 1 V F NS I ON Jl'DUT (3) ♦XN(3) ♦ X3AR ( 3 ) ♦XL AM I (3) ♦XLA V I I ( 3) ♦XLMIDt 3 ) ♦ 

ixlmi inm ♦up.(*» ) 

Or-’FNS TON O'JTP ( A ♦ ) 00 ) 

OOIIPLF PP^CISIO'' 1 FA ♦ AST 

P0U9L r PPFCISIOM MASCO-' ♦ r - r> QS ♦ I A PS ♦ VFX ♦ A LF ♦ R AL F ♦ r RALE ♦ SR ALF ♦ ALF Y ♦ 

1 f>AL c Y ♦CRALFY « SPAt.FY fPHl 0 ♦ FPH 1 0 « SPH I CO AC ♦ PH I P ♦C P ♦ SO ♦ PH I Y 

7 ♦ f Y ♦ SY ♦ Pm 1 ♦ FP ♦ o r -' ♦ QMFC A ♦WFX ♦ WFY ♦ V.FZ ♦ VR ♦ VMX ♦VRY ♦ VRZ ♦ VRMX ♦VR^Y ♦ VP*-'Z 

3 ♦ VRMPOl ♦VR v YD] ♦VR'"RD1 ♦FX ♦CX'AD ♦ CZKZ.MD ♦CC *RUU ♦ RmOD^ R ♦KC ♦HOT ♦ A ♦ 

4 V'’ ♦C-M ♦OC-Fi ♦ FP A ♦X , ’nOT ♦H^PHA ♦PHAY ♦ ALT ♦ PR^SS ♦ a lPHaT ♦ TCZ^ 

STrZP^TCZPP^TFX t TCXP^TCXP'OXfN t 'jnoOT ♦ XPAR ♦ XLAMI ♦ XL-VM I ♦XLM I D ♦ XLM I ID^ r 

6 URtXLAM7 ♦X'jX ♦ XN Y ♦ XNZ ♦UP ♦ VP ♦ *D ♦ X ♦ Y ♦ Z ♦ XL AMI ♦ XL AMZ ♦ XLAM3 ♦ XL ♦ 

7 XLAMS ♦ XLA M6 ♦ XL AS' ID ♦ XLAM2D ♦ XL AM3P ♦ XL AM AD ♦ XL AMSD ♦ XlAi v 6D ♦ J ♦ V ♦ *v ♦ 
8SPALFP^C p ALrp 

nOUBLr PRECISION ARCOS ♦COL A 1 ♦CR l T ♦ DEL ♦ I r SP ♦ T I REC ♦ I L I f'.I T ♦ T PR I NT ♦ 
ITSTF'MTY ♦HP, 

7 VO^VLAT ♦VLQNO ♦ ’a'O ♦ XO , XL A'-’l 0 ♦ XL AV?0 ♦ XL AM30 ♦ XL A MAO ♦ XLAK50 ♦ XL AM60 ♦ 

%zr 

DOORL f PRECISION SRA09^C p Ar»9,RPHl0,RAD 
D1 VFAISION STX ( 3 ) ♦STY ( •») tSTAY ( 3) 

DOUPI.F PRFF i S 1 0 M STX ♦ .ST Y ♦ST AY ♦ SLOPF 
DOUPLE PRECISION' STALE 

DOUPLF PRFCISIOM COMA > CON' : >,CONC^YO f Y2^Y02^Y22^DFL2 
DIMENSION RD(7) 

DI N'FNSI ON OF ( i 10) ♦OUT A ( 40) ♦OUTC(200) 

DIMENSION HH ( ? ♦ 4 ) » P A ( 3 ) ♦PAY (3) 

DOURLP PRFCISIC . PA^PAY«HH^DEL1^DEL22^SAVE1 ♦SAVE 2 
SAVE1=3LF 
CAVF?=ALFY 
| CALL HCALC 
PA ( 1 ) sPH A 
i PAY(1)=PHAY 
; ALF = SAV C \ +OFL 1 
CALL HC4LC 
, P A ( 2 ) *PH A 
j PAY ( 2 ) *PH AY 

! HH ( 1 ♦ 1 ) * ( PA ( 2 ) “PA ( 1 ) J/DFLl 
. HH ( 2^ 1 ) * ( PAY ( 2 ) “PAY ( 1 ) ) /DELl 
l A*_ F*SAV C 1 
f ALFY=SAVF?+DFL22 
i CALL hfalc 
' PA (3) sPHA 
j PAY ( 3) *PHAY 



OO FOP” AT ( 1 HO » *>00 THE FOLLOWING VALUES ARE PHA AND PHAY RESPECT 1 VELY ) 
V.'R 1 T r ( 6 * TOO ) ( PA ( n » PA Y ( I) , 1 = 1 ) 

00 FOPVAT(C?O.A*SX»C-?O.A) 

HHl]*2) = IPAn)-PA( ] ) } / PEL?? 

HH (2*2)= ( PAY ( 3 ) -PAY ( 1 ) ) /DFL22 

Al FY=SAVE2 

RETURN 

F‘>n 

"TC SLVNL 

SUBROUTINE SLVNL (XXI t XX? ,H ♦ FF * FF Y ♦ CR I T *NTOP * T I RFC ) 

PURPOSE 

SOLVF A S v S T F M OF N NONLINEAR FQUAT IONS 

D r SCR l PT I ON OF INPUT PARAMF T ER$ 

X - INITIAL VALUE OF VECTOR X 

H - APPROXIMATION OF THE INVERZ JAC03IAN MATRIX* H=l/A 

N - NUMBER OF VARIABLES AND EOUATIONS 

EVALF - FORTRAN SUBROUTINE TO COMPUTE VECTOR F 

FRIT - PR C SCR I b£D ACCURACY LIMIT OF NORM(E) 

PFSCRJPT TO*’ op 0'JT°'IT PARAMETERS 
X - FINAL valuf OF VECTOR X 

H - APPROX I V AT ION OF THE INVERZ JACOBIAN MATRIX* H=l/A 
F - VICTOR OF N FUNCTIONS 
ITFR - NUMBER OF ITERATIONS 

SUBROUTINES RFOUIREO 
VATVPY 
L I NCOM 
F NORM 
GF T T 
SHIFT 

f valf 

OI^fMSION X( 2 ) *H( ?»? ) *F( ? ) 

in | vcMSf ON P( 10) *Y( 101 *FN( 10) *XN( 10) 

DOUBLE PRFCI SIP*' P»Y*F''»XN*H»F»VAL»VALO»X*XXl »XX2»FF »ffy»scalf 
N = 2 

N?=N*N 
I T FR = 0 
X( 1 )=XX1 
X ( 2 ) =XX2 
E ( ] ) =FF 
F ( ? ) sFFY 

'0 r-\LL FVA LF ( X ♦ F » N ) 

START NEW ITERATION 
EVALUATE VECTOR P = H*F 

•0 CALL MATMPY(H*F*P,N*N*1 ) 

I T FR = I TFR + 1 

CALL FNORM(f*N.VAL0) 

CALL GETT(0*T.VALO) 

i F I No a VALUE OF T SU^H THAT THE NORM OF F(X+T*P) IS LESS 
THAN THF NORM OF F(X) 

XN IS Th p N f W TRIAL VALUE OF X* OBTAINED AS XN=X+T*P 
-VAL- AND -VALO- ARE THE NORM OF F(XN) AND F ( X ) RESPECTIVELY 







00 1075 1=1*10 

C*LL LINCQT ] . *X»T*P*XN*.\'-1 ) 

CALL FVALF ( XN*FN»M) 

CALL FNORM(FN*N»VAL) 

IF (VAL.LT.VAL01 GO TO 1080 
CALL G r T T ( I * T « VAL ) 

CO.VT i vijr 
GO TO 2000 
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QNCF A SATSFAfTORY T WAS FOUND* X IS RFPLACD BY XN* 

I F IS R r Pl.Afcr» ay PM 

? IF REQUIRED ACCURACY IS OpT AIMED OR ALLOWED NUMBER OF ITERATIONS 
\ PXHAUSTFO RPTUPM TO CALLING PROGRAM 
; A NEW APPROXIMATION OF MATRIX H IS COMPUTED 

* NFW H IS OBTAINFD AS H=H- ( H*Y+T*P ) * < P*H/SCALF ) 

f 

TTO CONTINUP 

5 IF( ITFR.GT.NTOP) GO TO 2000 
CALL 5HIFT1 (X.XN*N) 

t 

i COMPUTE Y = c M— F 

(■ 

i 

CALL LINCOMM. »FN*-1.»F,Y*N*1 J 

% 

\ 

* 

? RFPLACE F RY FN 


CALL SHIFT1 IF,FN,N) 

1; COMPUTE H* Y 

•• CALL MATMPY(H.Y»FN*N*N*1 ) 

* 

J 

• CONPUTF h*Y+T»P 

j 

• CALL L I NCOM (l.*FN*T»P»FN»N*l) 

1 COMPUTE P*H 

f 

: CALL MATMPY I P»H*XN» 1 »N*N) 

1 

5 COMPUTE SCALE= (P*H) *Y 

• 

| CALL MATMPY(XN*Y*SCALF»1»N*1 ) 

I 

! COWP'JTP P*H/ c CAL f 

( 

J RO 1100 I = 1 ♦ M 

bo X N { I ) s X N ( I ) /^CALP 

i DO 1200 I = 1 » N 
\ DO 1?00 J= 1 * N 
>0 H( I ,J) =H( I *J)-FN( I ) *XN( J) 

1 IFIVAL.LF.CRIT ) GO TO 2000 
GO TO 1050 

'0 WRITF(6*3300) itfr*tirfc 
‘0 FOPMAT ( 1 2H ITERATIONS®* I6*5X.2HT=*E14.8) 
XX1=X( 1 ) 

XX 2 = X ( 2 ) 

FPsF(j) 

FFY=F(?) 

RFTURN 

> 
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ENO 

TC v a yvpy 

SURROUTINF v^tMPY (A*R»C*N1 ,N2,N3) 
j DIMENSION A ( N1 »N2 ) *8 ( N2«N3 ) »C(N1»N3) 
i DOUBLE PRECISION A.B*C*TEVP 
; DO 3 1 = 1 * N 1 
DO 2 K= 1 ♦ N3 
T F M P=0 • 

DO 1 J=1 ,M? 

TFMP=TEMP+A< I » J ) *R( J»IC ) 

CII *<) = TFMP 
> CONTINUE 
I CONTINUF 
RETURN 
END 

C LINCOM 

SUBROUT I NF t-I NCOMt S* A» T »R ,C»M,N ) 
DIMENSION A< v,N) *R(m*N) *C(M,N) 

DOUBLE PRECISION A »B*C 
DO ? 1=1, m 
DO 1 JMtN 

Cl I » J ) =S*A ( I , J)+T*R( I ,J) 

CONTINUE 

• CONTINUF 
RFTURN 
END 

;c FNORM 

SUBROUTINE FNORNIF «N,VAL) 
i DIMENSION FIN) 

' DOUBLE PRECISION F.VAL 
! VAL-O, 
i DO 1 1=1 ,N 

• VAL=VAL+F ( I ) *F ( I ) 

I SVAL = SNGL(VAL) 

1 WR I TE ( 6 » 1 000 ) SVAL 
! FORMAT ( *»H VAL=*E14.8) 

1 RFTURN 
| END 
\C GETT 

! SUBROUTINE GETT ( IT»T*F) 

• IFUT.NE.O) GO TO 1 
| T = 1 * 

) F0=F 
( RPTURN 

\ IF( IT.NP.I ) GO TO ? 

F1=F 

l TH = F 1 /F 0 

T= (SORT <1#+6**TH)-1, I/3./TH 
, RFTURN 
T=-T/2. 

• RETURN 
END 

C SHIFTl 

SUBROUTINE SHIFTK A»B»<> 

DIMENSION A( 1 ) » B( 1) 

; DOUBLE PRECISION A ,fi 
DO 1000 1*1 ♦ If 
A( I )*B( I ) 

RFTURN 

FND 


7 
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: tc c valf 

4 SUBROUTINE PVALF(XX»F»N1 ) 

F3U l VALENCE (MASCOMt 1 ) ♦ODOSt 1 ) ) ♦ (MASCOMt 101 ) * TABS ( 1 ) ) * ( MA bCOM ( 669 ) 

1 ♦ VFX ( 1 ) ) 

FOUIVALFNFF (OODS( 1 } ♦ A|_F ) ♦ (0005 ( 2 ) ♦ RAi.F ) ♦ (ODDS( 3 ) * C R AL F } ♦ ( Qr>OS ( A ) ♦ 

1 SR ALF ) ♦ ( Ol'OS ( a ) * t LFY ) ♦ ( ( 6) 'LFY J * ( 0 OHS ( 7 1 ♦ OR ALFY ) . ( ODf\S( R ) * 

■? SRAL^Y j ♦ ( Onr*; ( o ) ♦ PHI 0 ) * (O p '"'5( 1 0) ♦OPM jo 1 ♦ ( O^OS (11) ♦ SPh ! 0 ) ♦ ( nr>0S( 1 2 

3 ) ♦ A 0 ) ♦ (ODnb( 1 -» ) *rVAOo ) , ( cmsi 14 ) ♦SRAO f >1 ♦ (000S( 1 c ) ♦PHIP ) ♦ ( C r 'OS( 1 6 ) ♦ 

4 rP), (Or'OS ( 1 7 1 »SP) ♦ ( OO^SI ' ft ) *PHT Y ) * ( 000. S (10) *TY ) » ( 000b ( 20 ) ♦ bY ) ♦ 

R (0005(21 ) ♦ Pw 1 R ) ♦(0005(2?) ♦ CR) * Or>0S(?R) » 50 ) ♦ (0005(24) ♦OMFGA ) » 

ft ( COOS (27) * ,\TX ) ♦ (000S( 26 ) ♦ WFY ) » ( OOPS ( ? 7 ) »W r L ) * <0005(28 ) * VR ) » (0005 
7 < 2°) ♦ VRX ) ♦ ( OOOSi ’0 ) ♦ VRY ) * (OooS (SI ) ♦ VRZ ) ♦ (000S( ?? ) ♦ VRMX ) ♦ ( 0005 ( S 3 ) 
ft * VRYY ) » (OOOS( 74 ) ♦ VR"Z ) ♦ (0O0S( 3f ) * VRMPD1 ) ♦ ( ODDS ( 36 ) ♦ VR.MYDl ) * ( ODDS 
9 (S7)*VRVRD1) 

FQU I VALTNCE ( ODDS( 38 ) ♦CX ) ♦ ( ODD$( 79 ) ♦CXMD ) ♦ ( OODS ( 40 ) ♦ CZ ) ♦ 

1 ( ODDS ( 4 1 ) »rZ*'0 ) ♦ (00Do( 42 ) »CC ) * (ODDS (47 ) »RHO) * (ODDS (44 ) * RHOD ) » 

? ( CDOS ( 47 ) ♦ & ) ♦ (00O$( 4ft) ♦ PC ) ♦ (0005(47) ♦HGT ) ♦ ( OOOS ( 48 ) »A ) * ( ODDS ( 49 ) » 
s Vf*) ♦ (OooS( ROi ♦ CM) ♦ ( OODbl 71 ) * OGG 1 » ( 0DOS( 5?) *FPA 1 »( ODDS (73) ♦XvoOT ) ♦ 
4 ( OOOS ( 7 4 ) ♦ )-') • ( 00nb( Ml »OMA ) * ( 0005 ( 76 ) * D HAY ) 

FOI'IVALFM^F (0005(77) ♦FA) 

FCUIVALFMCF ( TAPS( 1 ) tALT ( 1 ) ) ♦ ( TAPS (80 ) *PRF5S( 1 ) ) * 

1 (TASS ( 26 7) ♦ ALPHAT ( 1))»(TAo5(sO-»)»T r Z(1))t(TA®5(s41)fTCZP(l))» 

? ( T A P S ( R 7 o ) ♦ TrZPP ( 1 )) ♦ ( T APS ( 4 1 7 ) * TfX ( 1 ) ) ♦ ( T APS ( 47 7 ) » TCXP ( 1 )) ♦ 

3< TABS<497> ♦TCXPP( 1 ) ) 

e-CUI VALENT ( VPX( ] ) tXNM 1 ))♦ ( VC‘X(4) ♦UftOOT ()))♦( V^X ( 7 ) .XPAR ( 1 ) ) ♦ 

1 ( V^X( 1 0 ) ♦XLa; , 1 ( 1 ) ) ♦ ( VFX ( n : ♦XLA'M ! ( 1 ) ) * ( VFX( 16 ) »XlM1D( 1 ) ) ♦ ( VPX( 19 ) 

2 * X L ‘ 1 1 1 0 ( 1 ) ) ♦ ( VFX( 22) ♦ UB( 1 ) ) * (VEX ( 25 ) ♦XI.AM7) 

FOl'I VAL^NFF ( XN ( 1 ) »XNX ) ♦ ( XN ( 2 ) »Xi'lY ) * ( XN ( 3 ) t XNZ ) 

cOU! VAi_r\rc ( jpr-oT ( i ) , JO) , ( UnDOT ( > ) ♦VO) ♦ CJoDOT ( 7 ) ♦WO) 
c OUlVA|_rNrF ( XPAR ( i ) ♦X ) ♦ t XPAR ( 2 ) ♦ Y ) ♦ ( XRf.R ( 3 ) ♦ £ ) 

TOU I V 'L C NCF ( XL VM ( 1 ) ♦XLAMl ) ♦ ( XL AM I ( ? ) ♦XLA , ->? ) , ( XL AM I ( 3 ) »XLAf*3 ) 
FQl«IVA|.PN r F (XLAMH ( 1 ) ♦XLAMA) ♦ ( XLAf‘1 I ( 2 ) ♦XLAVift ) ♦ ( XLAMl 1(3) ♦XLAMft ) 
r QU I VALFMCF ( XL’-'10( 1 ) ♦XLV-'] D) ♦ ( XLMI D( 2 ) ♦ XL AM2D ) ♦ ( XLM 1 D ( 3 ) ♦XLAM3D) 
EQUIVALENCE (XLMI 10( 1 ) ♦XLAMAD) ♦ (XLMI I0( 2 ) ♦ X L A M 3 D ) ♦ ( XLM I 10(3) ♦XLAM6 
lO) 

FOUI VAL c-NCF CJR( 1 ) ♦U) » ( UR( 2 ) »V) ♦ (UB( 3 ) »'a ) 

COMMON M A 3COM 
0 1 MENS I ON MASrOM(6P3) 

DIMENSION ODOS( 100) ♦TARS(568) ♦VFX (25) 

. DIMENSION ALT ( 88 ) ♦PRESSt 88 ) ♦< ( 08 ) 

DIMENSION ALPHAT ( 38) fTcZI •»« ) ♦ TfZP ( 3 8 ) ♦ TCZPP ( 38 ) ♦ T tX ( 38 ) ♦TCXPI 30 ) ♦ 

; 1 TF X PP ( 7ft ) ♦Jt v> ) 

, np'^SlAN UPnoT (3 ) ,XN( 3) ♦XOARt S) ♦XLAVT ( 3 ) ,XLAVII( 3 ) fXLMIDt 3 ) ♦ 

1 1 X| MJi r>( 7 ) ♦U D ( 3 ) 

I 01 MENS I ON ONTO Uil DO) 
j DOUBLE PRECISION FA ♦AST 

j OOUPLF PRECISION MA SCOM ♦ODDS ♦ T APS ♦ VFX ♦ ALF ♦ R ALF ♦CRALF ♦ SRALF ♦ ALF Y ♦ 

! 1 RALFYfrRALFYtSRAirY^PlilO^CPHlO^SPMiO.AO^ PHI P ♦CP ♦SP^PHI Y 

; 2 ♦ CY ♦SY tPl) ! R ♦ CR ♦SR ♦Oi’FC'A ♦ WE X ♦WFY ♦ /i'FZ ♦VR ♦VRX ♦VRY ♦ VRZ ♦VR, MX t VRMY ♦VRMZ 
i 3 ♦ VR f/ PDl ♦ VRMYO 1 ♦ VRV.RD1 ♦ CX ♦ CXMO ♦CZ^CZMD ♦ CC ♦ RHO ♦ RHOD ♦ R ♦ RO ♦ HOT ♦ A t 
I 4 VM ♦GM ♦GGG ♦ FPA ♦ XMDOT ♦ H ♦ PHA ♦PHAY ♦ALT ♦ PRFSS ♦ ALPHAT ♦ TCZ^ 
j STCZP^TCZPP^TCX^TCXP^TCXPP^XN^UBOOT^XPAR^XLAMI ♦XL AM I 1 ♦XLM ID ♦XLM I ID^ 
(6 UP ^XL AM7 ♦ XNX ♦ XNY ♦ XMZ ♦'JD ♦ VD ♦ wD ♦ X ♦ Y ♦Z ♦XLAMl ♦ XLAM2 ♦ XLAM3 »XL AM4 ♦ 

| 7 XL AM5 ♦ XL AM6 ♦ XL AM) D ♦ XL 3M2D ♦ XL AM3D ♦ XL AM4D ♦ XL AM5D ♦ XLAM6D ♦U ♦ V ♦ W ♦ 
|s5RALFP t CPALFP 

DOUR! F PR C C J S 1 ON ARC05 tCOLA T ♦CR I T ♦ DFL ♦ TFSP ♦ T I REC ♦ TL I M I T ♦ T PR I NT ♦ 

1 T5 TFP ♦ T Y ,00 ♦ 

2 VO ♦ VLA T ♦VLONG^W0^X0^XI.Ami0^XLAM2D > XLAM70^XLAM40^XLAM50^XLAM60» 

;^zo 

| DOUBLE PRFC1SI0N SRA09^CRA09^RPHIO^RAD 
% 
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| OIMFNSION STX<3) »$TY(3) »STAY(3) 

I OOU^LF PRECISION STX.STY.STAY, SLOPE 
\ DOUBLE PRECISION STALF 

DOUBLE PRECISION CON A » CONP » CONC »Y0*Y?»Y02*Y22*DEL2 
Oni'PLF PRECISION XX » F 
I OI-FMSIOM RH(7) 

f f'TWFNST^N OP(I 10) »OUTA(AO) ♦OUTC(?nO) 

OT '-TNSION X X ( N ] ) * F ( N 1 ) 

’ ALr=xxm 
» ALFYsXX ( ? ) 
l CALL HCALC 
• F ( ] ) =PHA 
| F ( 2 ) =PHAY 
; RFTURN 
\ FM n 
5TC P'VFRS 

| SUPROUT I N c TNVFRSI A* INDX. IORO.N.NN.KERR) 

| 00"RLF prfctsion A*R 

\ 0 1 VFNF ! ON A ( N * N N ) 

I DIMENSION IMPX ( N) » IORO(N) 

) k.rpp = o 
J1=N+1 
| J?=2*N 

. DO 23 I=1*N 
| JS=I+N 
‘ DO 24' J=J1 »J2 
I A (I • J I = « • 0 
, A(I»J3)si,0 

f oo in i=i * n 
; I wr>x ( I ) = 0 
I M0=M-1 
/ 00 1 1 J*1 *v 
( 00 12 1=1 .NO 
, T F ( IMOX ( I ) , r 0,0 I 00 TO 13 
| CONTINUE 
j P = - • 1D+36 

I K = I 

- I L = 1 
. IT = 1 

' 00 14 *•" = K . N 
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The procedure for solving the problem of flying a minimum fuel 
point-to-point transfer with a high speed aircraft is as follows. 
Minimize the integral 


m f (t)dt 


where m^Ct) is the time variable fuel burning rate, subject to the 
differential constraints 


u 


i . nifx , iniiijd T 

m m r a T m v e m 




( 1 ) 

( 2 ) 

( 3 ) 


and 


[Bg]" 1 {M^ + (A)? + B 3 ) 


( 4 ) 


which are the equations of motion, and the algebraic constraints 


\ ° [«» a y]^ r * (5) 

The Hamiltonian is formed as 

« • • • 

H * Xj • x ♦ Xjj • u ♦ Xjjj • $ ♦ Xjy • tf ♦ (6) 

The control variables will bo Fj and Mp where Pj is the thrust magni- 
tude and Mp is the moment generated about the C.P. by the aircraft 
flaps. 
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canonical 

and control equations become 



*1 

* 

- 3H 

3x 


(7) 


B 

3H 
' sir 


(8) 

• 

*111 

■ 

3H 

• 

(9) 

• 

T IV 

m 

3H 
" 3T 


(10) 

• 

X 

13 

8 

- £!L 

3mf 


(ID 

3H 

3Fj 
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0 

• 

(12) 

3H 

3% 
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(13) 
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* 


i 

* 


i 

r 

i 

i 

{ 

\ 

t 




\ 


There are four control variables F T , M p , fourteen state variables, 

• • 

x, x 4, a, ay, and thirteen multipliers. Equations (1-13) provide 
thirty-one scalar equations from which to determine thirty-one unknowns. 
From Equation (13) 


3H 



(14) 

3% * 

0 

Xiv » 0 

• 

Mv - 

0 - 

Mu 

(15) 

Mil - 

. ILL 

3^ 

• 

* ^2^11 * ^ Ctyl 

(16) 

» - 

3F t 

0 

■ 'a**- T xx > 

(17) 


Solve Equations (16) and (17) simultaneously for Tjj and P T< 


i 
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Xji 8 ^11^* a * 

F? * P^C^, °y> *» *) 


Compute Xjj 
F rom (8) Xjj 
S olve for Xj 
Compute Xj 
From (7) Xj 

4 

Solve for ¥. 


• • 

f 5 (?, ?> x* «. u) 

. M . .x - ICltiJiifr. 

3u *i so- 

X II 9u 

• * Jli 

f 7 (X, *» V, x, u, u, u) 

# 

* f * t* 

- || » fgCX, V, ?, X, U, U, u) 


Plug V into Equation (4) and solve for Mp. 
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ABSTRACT 


Some methods of approaching a solution to the Hamilton- Jacobi 
equation are outlined and examples are given to illustrate particu- 
lar methods. These methods may be used for cases where the Hamilton 
Jacobi equation is not separable and have been particularly useful 
in solving the rigid body motion of an earth satellite subjected to 
gravity torques. It is felt that these general methods may also 
have applications in studying the motion of satellites with aero- 
dynamic torque and in studying space vehicle motion where thrusting 


is involved. 
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INTRODUCTION 


During the six months included in this reporting period (May 
to November 1968), work has continued on an investigation of the 
analytical foundation of the Hamilton- Jacobi theory and its appli- 
cation to space flight problems. 

In studying t^e literature, many questions arose. An attempt 
was made to formulate these questions and then find satisfactory 
answers to them. The first work during this reporting period was 
directed toward comparing the different methods available for solving 
the Hamilton -Jacobi partial differential equation. Five different 
methods for obtaining a generator S were studied: 

1. S = J - Ldt, Where l Is the Lagrangian 

2. Liouville's Theorem for Obtaining S 

3. Jacobi's Method of Integration of Partial 
Differential liquations 

4. Separation of Variables 

5. Method of Characteristics 

The following questions arose during the discussions of the 
different methods available for solving the Ilamilton-Jacobi equation. 

1. Can a solution be obtained by Jacobi's method; i.e., by 
obtaining half the integrals for p^ and then building S 
from 



dS = P!dq! + P 2 dq 2 + • • • + p n dq„ 
that cannot be obtained by quadratures 

dt dc li _ d< *n 

1 c W3p7 311/ 3p n 



which result from Hamilton's equations? 

1 




2 


2. Same question as one except separation of variables 
versus Jacobi's method? 

j. Same question except quadratures versus separation 
of variables? 

4. All three of the above questions with the Hamiltonian 
given as an explicit function of time? 

In discussing Jacobi's method, the following question and 
answer was developed. Given one complete integral, is there any 
technique for constructing another dist inct complete integral? 

Yes, an infinite number of other distinct complete integrals can 
be constructed. Given a complete integral containing two arbitrary 
constants a and ft, another complete integral can be constructed by 
replacing a and ft as arbitrary functions of two other arbitrary con- 
stants A and B. Thus, the integration constants associated with 
each distinct complete integral of the llami lton-Jacobi equation can 
be functionally related. There is a question as to whether any of 
these constants arc canonical. Also, if the same problem were solved 
by integrating Hamilton's equations by quadratures, then there would 
be other constants of integration. One would want to know how these *• 
constants are related to those obtained from the llami lton-Jacobi 
equation. Also, are they canonical? 

Some of these questions are answered in subsequent sections 
of this report. One paper (see Appendix) has grown out of this work 
and has been submitted to the American Journal cf Physics for pos- 
sible publication. 
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DEFINITIONS OF ANGLES 


The angles 6, 4>-<j>', 0', $*, 0*, and <M* are defined by their 
geometry in the spherical triangle (see Figure 1) : 



cos e - sgjl - /(h2 - «2 2 )(h 2 .,;iu3fl cos h ( t _ B J 

= cos 0' cos 0* - sin 0' sin 0* cos <|>* 


cos C4>-4>’ ) 


sinC^-^' ) = 



cos 0* - cos 0 1 cos 0 
sin 0' sin 0 


sin 0 


cos 0' 


«2L 

h 


sin O' 


A EHZ 


( . 



■t 


i 

\ 


I 


! 

i 

I 

I 

! 



4 


COS 


ct^g^ - h2 COS 0 

Ah* - a 2 2 )(h 2 - a 3 z ) 


COS 


s(t - Bi) 


COS 0 * 


' ®1 
= h 


^ sin 0* 



cos(^»-^*) 


a? - cos 0 
/h 2 - a 3 2 sin 0 


cos 0* - cos 0* cos 0 
sin 0* sin 0 


sin(^>-i|i*) 


sin 4* sin 0 
sin 0 


The angles 0 h, 4>H > and 4 >h arc defined by their geometry. 



cos 8j^ ® 

cot($*-$H) 88 


cos i cos 0* + sin i sin 0* cos (4)* > ft) 

cos i sin 8* - sin i cos 0* cos(*|>* - n) 
sin l sin(<j»* - n) 


cot ^ 


cos i sin 0* cos - n) - sin i cos 9* 
sin 0* sin(ij»* - hj 


1 


l - 
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Functional Relations 
h = h (ai,a 2 ) 

■ 'l'(ai> a 2* a 3»^3>®) = 'i* C 0 1 > “St » a 3»®l 

4 >* = ^*(63) 

^ ^ ( a i ,» 2 »« 3 *® 3 ;i» n ) 

0 = 6 ( a l > a 2 » a 3 >®1 »t) 

0' = 0' (oi,a 2 ) 

0* = 0* (<*! * a 2» a 3) 

6 h = BhOk.g^m) * ®H( a i’ a 2» a3 * 83;i,n ) 

♦ s 4* (®1 >®2 * ®3> ®2 * ®) = $ (®1 » a 2»°3*®l »&2>0 

(ai ,02,03, 0 2 »0) a ♦ ' (oi,a 2 ,O3,0i,02,t) 


ij,* e f*(«l,« 2 » a 3 >®) ■ $* ( a l ,a 2 , 03 , 0 ^ ,t) 

♦u «= ♦«(**, e* f **ji,n) * ♦ H ( a i* a 2» a 3» B i» p s» t » i » n l 


'■E-ffM*. 
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Canonical Transformations 


The motion of the body is such that 6 oscillates between 0o 
and 0 1 , where 0 O = 0' + 0* and ©2 5 | e * - 0*|. Let t 0 denote an 
instant at which 0 = G 0 . Let 0 qi refer to 0 at the instant t 0 , 0n 
refer to 0 at the first instant after t q that 0 = 0j, 0 Q 2 refer to 
0 at the first instant after 0n that 0 = 0 O , 0 12 refer to 0 at the 
first instant after 0 O2 that 0=0^ and so forth. 

A generator, S, of a canonical transformation is given by 


S = -otjt + 


A 

a 2 <j> + a 3 \li ~ I 

*'001 


QC0)d0, 


where 


Q(6) h 


0On "*■ 0 -*■ 6in> 

[-/fW, 0 m 6 9 0(n+i)* 


and 


f(0) = 2Aoj - £ ct 0 2 - csc 2 0(a s - a 2 cos ©) 2 . 


r 


The symbol ©on 0 -*• 0in means that 0 has passed through 0o n and is 
going toward 0i n . 

In terms of the variables <J>’, , and ijj*, 


S* = -a^t + o 2 4> ’ + 03^* + h<j>* 

Q(0) ■ h sin 0* sin - t|i*) 

When 0 « 0 o , it can be shown that 4>* , and must be multi- 
ples of 2tt. To avoid ambiguity, - $>’ « <jj - \|»* o 0 is defined 

when 0 = 0 O1 . 


I 


1 



fl 

r 


V, 

S I 

H 

f • 

I 


f 

t 

i 
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P,/, = “3 

P* = u 2 

Pq = -Q(6) = -h sin 8* sin (ifi - \j;*) 

Bl * t - £ ♦* 

e 2 = - 1 

e 3 = -#* 

** « |(t - M 

♦' s _b 2 - s 2 'f“r^)( t - &i) 

♦* = -e 3 

Alternatively, 



i 

t 
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-<)> + cos' 



- HV)- 


001 


- 1 a?ct 3 - h 2 cos 9 


/(P - a 2 2 )(h 2 - a 3 2 ) 


001 


= -<J> + cos' 


a? cos 0 


Iffr - 02 2 sin 0 


03 


. W£j_M C0S -i 

h \ C ] /(h2 - 


■0 


- h 2 cos 0 
a 2 2 )(h2 - a 3 2) 


= -l|» + cos 


fa* - a? 

cos e 1 

\ d0 

\ sin 2 e j 

fQ(0) 

-1 a 2 - 

cos 0 | 

/(h 2 - 

a 3 2 ) 

sin ei 

-1 a ? " 

a 3 cos 9 

/(h2 - 

a 3 2 ) 

sin 0 


0 

001 


The multi-valued cos"* functions appearing above are to be 
interpreted as follows: 


2(n - 1 ) it + Cos -1 g(0), 0 On -*■ 0 -*■ 0 


cos^gC©) = 


’in 


.. I 


2nir - Cos" g(0) , 0 Jn -*■ 0 -*■ 0 


*0(n+l) 


where Cos" 1 denotes the principal value (that is, the value between 
0 and n) of the cos" 1 function. 
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g ? ot^ - h 2 c ° s 9 
l 2 _ (h^ - 013 2 ) 


®1 ®0 ® 


Miscellaneous 


h 2 * 2Aai + 


M- 


cos e 


a 2 03 - /(h 2 - a 2 2 ) (h 2 - c» 3 2 ) cos ^-[t - 0j) 


= cos 0' cos 0* - sin 0 ' sin 0* cos d> 


.6 ♦ cos-1 °3 - «2 COS e 

sir. 0 Ai 2 - a 2 ‘ 


;Kv)‘ 


•1 a 2 a 3 - h 2 cos 0 


„ _i a 2 - a: 

-0 3 + cos 1 — ‘ £ 

sin 0 *1i 



>1 
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A NOTE ON DISTINCT COMPLETE INTEGRALS' 
Problem : Show that the differential equation 


4XZQ 2 + P = 0, P = 3Z/3X, 

Q = 3Z/3Y 

possesses the distinct complete integrals 
Z 2 = aY - o 2 X 2 + B 

and 

Z 2 (4X 2 + a) = (Y + b) 2 


Find a functional relation between a, g, a, 
second solution as a particular case of the 
from the first. 

and b; hence, find the 
general integral obtained 

Solution: First, transform to new variables according to , 

the scheme 

X x L> Y x 2 , 

Z - x 3 

p s _ EJL 0 B . £2. 

P3 ' Q Ps' 

3u 

= 3^7 


See Frederic H. Miller, Partial Differential Equations (New York: 
John Wiley § Sons, 1949), Chapter V, for details on transformation. 
The differential equation 


F(X,Z,Q,P) * 4XZQ 2 + P * 0 (1) 

now becomes 

FCx 1 ,x 3 ,p 1 ,p 2 , p 3 ) = 4x 1 x 3 p 2 2 - p 1 p 3 = 0 (1') 

Jacobi's method will be used to solve Eq (1'). First, write 

<*> 

SXj 3 x 2 3x 3 ap 1 3p, 3p 3 


10 
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Explicitly, 


d Pi 

4x 3 P2 2 


d P ? _ dp, _ dx 

0 " 4xjp 2 ^ 

dX2 _ dX3 

’ 8X1X3P2 " p! 


Using the second ratio, 

Fi = P 2 = ai = constant 


Using the first and sixth ratios, 
PjdPi = 4a 1 2 x 3 dx 3 

and 


Pl‘ 


- 4aj 2 x 3 2 


a 2 = constant 


Using the third and fourth ratios, 
p 3 dp 3 = 4a 1 2 x 1 dx 1 

and 


F 2 * = p 3 2 - aa^xj 2 


a 2 * = consi t 


(Fi,F 2 ) = 0; also, (Fj,F 2 *) = 0, as is readily verified. 
Fjspjsaj, and F 2 = p 2 2 - 4aj 2 x 3 2 = a 2 , take 

Pi = /a 2 + 4a 1 2 x 3 2 

Substitute into Eq (1') and solve for p 3 

4x l x 3 a l 2 - *^2 + 4a i 2 x 3 2 P 3 = 0 

4x 1 x^a 1 2 

" /a 2 + 4ai 2 x" 3 ^ 

Use Fi and F 2 in conjunction with F to obtain a complete 
One has (Fi,F 2 ) * 0 


( 2 ') 

(3) 

( 4 ) 
(5) 

Using 


integral. 
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du = 

pjdxj + p 2 dx 2 + p 3 dx 3 

Du 


IxT = 

Pi 

Du 


SI 

II 

P2 

Du 


Dx 3 

P3 

Dn 

DX£ 

aj u = a l x 2 + ^( x l jX 3) 

Du 

Dxi ^ 

; M- , p, - f = Pl X, ♦ g(X 3 

Du 

Dx 3 

. 11_ = x |2 j. + g. r x A 
■ 3x 3 1 3x 3 k l 3J 

= 

3p ^ 

= P 3 ■" S’ [ x 3) = P3 ' X 1 3 x 3 

But, 


_ _ y -EJ- 

P 3 X 1 3x 3 



■ P 3 ' P3 = 0 " S( x 3) 58 a 3 

u 

= * XiPj + a 3 = 0 

Pi 

= /a 2 + 4a L 2 x 3 ^ 

*1P1 


CM 

cu 

.->0 (a 3 + a^j) 2 

= &2 + ^ a l x 3 

4ai 2 Z 9 + a 2 

(a 3 + a jY) 2 = a li/ii + v^ 2 
X* X* ^ a i ) 

4X 2 Z 2 ♦ f 2 * X 2 
"1 

- (*H‘ 


= x 3 ) 

= constant 
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Set A equal to a 2 /ai ? and B equal to a 3 /a l . Then, 

X 2 (4Z ? + A) = lY + B) 2 

and Eq ( 6 ) is a complete integral of Eq (1). 

If Eqs (3) and (5») are used in conjunction with Eq (1'), 
observing that Eq (1') is unchanged if pj - p 3 and x 3 * x 3 are 
interchanged, one has 

= 0 


( 6 ) 


u 

= ajx 2 ♦ x 3 p 3 + 

1 

(a 3 ♦ aix 2 ) 2 

P 3 

X3 2 

a 2 *) 

= (a 3 + ajx 2 ) 2 

ihl) 

. fei* Y V 

«i 2 ) 

\ a l / 


a l 




Set a equal to a 2 */ a i 2 an ^ ^ equal to ^ 3/^1 
Z 2 (4X 2 + a) = (Y + b ) 2 

- ’ Eq (7) is a complete integral of Ec (1). 

Still another distinct complete integral of Eq (1) can be 
obtained by separating the variables in Eq O'). Since 4x 3 x 3 p 2 - PlP* 

s 0 is free of x 2 , P 2 = 9u/3x 2 = aj , a constant, and 


2 9u 3u 

4xiX 3 aj 2 - P 1 P 3 = 0 = 4xjX 3 ai - * ?X3 

Assume a solution of Eq ( 8 ) of the form 


( 8 ) 


u 


fl(Xi) + v 2 (x 2 ) + f 3 (x 3 ) 
a 3 x 2 + f 1 (xj) + f 3 (x 3 ) 


(9) 


Substitute Eq (9) into Eq ( 8 ) to obtain 
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J*uaL 

df]/dxj 
- f l 


x 3 dx 3 


= Ci 


( 10 ) 


2i, z x 


2 V 2 


1 *1— + C, 


f 3 - jL x 3 + C 3 
.. _ 2a 2 


C 3 1 2 

where x 3 = Z, x^ = X, and x 2 = Y 


1_ x 3 2 + yL x 3 2 + C 2 + C 3 + ajX 2 = 0 


|L Z 2 = -(C 2 * C 3 ) - a,Y - 22lix* 

* 2 - '^^3) 


Set a equal to -2ai/C 3 and fj equal to -2(C 2 + C 3 )/Cj 


7 2 = oY- a 2 X 2 + $ 


(ID 


and Eq (11) is a complete integral of Eq (1). 

Consider the distinct integrals Eqs (7) and (11) , and renum- 
ber them I and II 



Z 2 (4X 2 + a) = (Y + b) 2 

(I) 


Z 2 = aY - a 2 X 2 * 6 

(II) 

31 

3X* 

ZP(4X 2 + a) + 4XZ 2 = 0 

(HI) 

an 

3Y* 

ZQT4X 2 + a) - (Y + b) = 0 

(IV) 

3X* 

ZP + ct 2 X = 0 

(V) 

an 

3Y ; 

2ZQ - a = 0 

(VI) 
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X, Y, Z, P, and Q must be eliminated from the six equations above. 
From Eq (III) and (V), eliminate P: 


4Z 2 = a 2 (4X 2 + a) 


Use Eq (II) : 


4oY - 4a 2 X 2 + 40 = a 2 (4X 2 + a) 


Solve for Y to obtain 


Y = 2aX 2 + - - 

4 a 


(VII) 


From Eqs (IV) and (VI), eliminate ZQ: 


Y + b = j (4X 2 + a) 


Solve for Y to obtain 


Y = 2aX 2 + y- - b 


(VIII) 


Equating Eqs (VII) and (VIII), one obtains 


0 = ab - 


Substitute Eq (IX) into Eq (II) to obtain 


Z 2 = aY - a 2 X 2 + ab 


2aX 2 + b - = 0 

4 


■(i * 2x2 ) 


b + Y 


2(b ♦ Y) 

a ♦ 4X2 


I 

» 
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Substitute Eq (XI) into Eq (X) : 


Z 2 = o(b + Y) - a 2 ^j + x 2 

2(b + Y) 2 4 (b + Y) 2 U + 4X 2 \ 

T Tlx 2 ” ' (a + 4X2)2 " \ 4 ) 

_ (b + Y) 2 
a + 4X 2 


Z 2 (4X 2 + a) = (b + Y) 2 


*A Further Note: 

F = Z 2 - aY + a 2 X 2 -6=0 
G = Z 2 (4X 2 + a) - (Y + b) 2 = 0 


l 


6=f(a), fJf-0 

-*■ General Integral 


V 


F and G are two distinct complete integrals. Let 


6 


1 



Note that 8i is one possible functional form of 6 * f(a) . For all 
possible choices A and B in B i , only a subset of the elements for 
the arbitrary choice 6 = f(a) is obtained. Better said: Let H be 
the set of functions of o 


6 = Ba - 

4 

for fixed A and B. II is a proper subset of the set Q of all possible 
functions B = f(a). By inserting 6 = Ba - Aa 2 /4 into F and forming 
3F/3a for fixed A and B, a can be eliminated, and the two-parameter 
family of surfaces G can be obtained. Thus, the surfaces G are part 
of the totality of envelopes which go to make up the general integral. 


I 

> 


S. „ 



A NOTE ON OBTAINING A COMPLETE INTEGRAL 
OF THE HAMILTON- JACOBI EQUATION 


On page 324 of A Treatise on the Analytical Dynamics of 
Particles and Rigid Bodies (Cambridge: The University Press, 1937), 
E. T. Whittaker sts.tes--without proof--the following lemma. 

Leirna: If dW is the perfect differential of some function 

w (<li» a i>t), then the first Pfaff's system of the differential form 

n 

ow - 2{jL*H 
i=l 3o i 1 
is 

d (!!r) = °» do i * 0 (i=l,2,...,n) 


Let WCq^.o^.t) be in Cj but otherwise arbitrary, and consider 
the differential form 


n 

2 Pidqi - H( qi , Pi ,t)dt (1) 

i=l 

and the transformation 


Pi * ^i( < U ,a i ,t )» * % (i*l ,2,. . . ,n) (2) 


The following theorem is established. 

Theorem l : If the transformation Eq (2) transforms Eq (1) 
into the differential form 


dW 
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where 



is a perfect differential of some function W(q^,a^,t) of the vari- 
ables (q^,aj,t), which contains n independent constants ct^ , then W 
is a complete integral of the Hamilton- Jacobi equation. 

Proof: By equating coefficients, the necessary conditions 
can be obtained 


- 3W__ 

Hlhx.fi.t) ♦ f- 

Thus, 

u f aw \ aw ( \ 

which establishes the theorem. 

Note: This result agrees with a statement in Pars, p. 450, 

if it is assumed that a typographical error has been made there and 
that he means equation 16.5-4 rather than 16.5-6. This would be 
consistent with his earlier reference to 16.5-4 as "the modified 
partial differential equation." 

Example — Central Orbit 3 Polar Coordinates: 


(a) 

H = 

j(p r 2 + F p e 2 ) + v(r) s h 

0>) 

U 

CD 

a = constant 

Solve (a) 

for p p . 

One has* 


= 0 
= 0 


’‘See next page. 
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where 


dW 


(c) W 


?h - 2V - SL. 


s * 


flh - 2V - = */f(r) 


f(r) = 2h - 2V - V 


= p r dr + pgd9 - hdt 


-ht + 


... f 

*T1 


>/f (r) dr 


r = r 


6 = 0 


Either * yields a complete integral of the Hamilton- Jacobi equation. 
The Hamilton- Jacobi equation is: 


... 3W 1/9W\ 2 1 /aw\ ? - 

^ at + 2 y)rj + 2r2^soJ + V = 0 


aw 

aa 

aw 

at 

aw 

ar 


= a 




Substituting into (d) , one finds 

-!> ♦ ^ f(r) * jij « 2 * V . -h ♦ ^2h - 2V - 


* jij. a 2 . V 


*A theorem on page 323 of Whittaker's A Treatise on the 
Analytical Dynamics of Particles and Rigid Bodies assures the 
reader that the transformation 


i 

\ 
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= a 


transforms 


Pe = 


P r = */¥&T 


n 


r * r 

6 * e 


2 Pidqi - H(q ilPi ,t) 


dt 


i=l 


into the differential form 


n 


dW 


-2 


3W 


da. 


iTi 3a i 1 

It is a simple matter to show that the functions 
In 2 + i. 


(a) 

(b) 


lV + ?Pe 2 +V W = 




are in involution; i.e., = 0. Poisson brackets are zero, 

so that the theorem just cited may be applied. 

It may be that there are n distinct integrals (in involution) 


♦i (qi ,Pi = Qi (i=l,2,...,n) (3) 

where (oj, a 2 , . . . , ctjJ are arbitrary constants, for the dynamical 
system 

*i = ^rhi»Pi.‘) (i*l,2,...,n) 

> ( 4 ) 

Pi J—hi.Pi.t) (i*l,2, . . . ,n) 

% # 

It may be that all of these integrals cannot be solved for ( Pl , 

P2» • • • * Pn) so that they can be obtained in the form 
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Pi * 


(1-1,2,. ...n) (5) 


However, it may be possible to solve £(£■ n) of these integrals for 
the p's and express them in the form of Eq (5). Suppose further that 
the remaining can be solved in integrals (m <^n, l + m = n) for the 
q's and express them in terms of Pi, a^, and t. Relabel the coor- 
dinates, setting Pj , (j»l, 2, ...,£) , in one-to-one correspondence with 
the Up's which have been solved for explicitly, taken in any order, 
and Q^, (k=l ,2 , . . . ,m) , in one-to-one correspondence with the mq's 
which have bee"- solved for explicitly, taken in any order. Thus, the 
n integrals may be written in the form 


Pj ~ PjWi» a i»^) 

Qk = H k(pi ,a i» t 0 


0 = 1 , 2 ,. 

(k=l,2,. 



( 6 ) 


Suppose now that in Eqs (6) none of the P- appear in the right-hand 
sides of the expressions for and that none of the appear in 
the right-hand sides of the expressions for Pj . 

Introduce the following canonical transformation of 
coordinates 


* 

p j 

£ 

r 

Pj, 

p £+k 

it 


(k-1,2,.. 

• »m)| 

i 

K7) 

% 

= 

P^ + k> (k-1 ,2 , • * . ,ui) 

Vi a 

^m+j * 

(j=l,2,.. 

.,oJ 


Equations 

(6) 

may now be written in 

the form 





* 

Pi 

s 

fifal.Oi.t) 



(i-1,2,. . 

. ,n) 

(8) 


Since Eq (8) is in the form of Eq (2), Theorem 1 may be applied, in 
conjunction with Whittaker's theorem, to obtain a complete integral 
of the Hamilton-Jacobi equation expressed in the starred coordinates. 



Assume 


A NOTE ON DISTINCT INTEGRALS FOR A PARTICLE 
IN A UNIFORM GRAVITY FIELD IN A PLANE 


H = ^(Px 2 + P h 2 ) + gh 


9H, 


h = = 


3p x 

9H r 


= Px 


H = 


9p h = ^ 

^(Px 2 + Ph 2 ) 


Px ** 0 " Px = a 

a 0 - Pv 


• _ 9N 

p h - ‘ 9h 


Direct integration of canonical equations: 


r 



x = at + c 
h = bt + d 


> CD 


Unperturbed problem (Hamilton- Jacobi Equation): 
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S 2 a /2ai - 0£ 2 h 

S * -u^t + c^x + /2aj - a2 2 h 


3S 



A comparison of solution (3) with Eq (1) yields 





(5) 

( 6 ) 




2 4 


Perturbation : 


3Hj_ 
3B! * 

3HjL 

3e 2 ’ 


3H , 
3ctj 

3H, 

3ot 2 


( 7 ) 


where, since h « /2aj - a 2 2 (t - $i), Hj = Hj (aj ,a 2 ,8i ,t) . 


a 


3Hi 


3H 


38 2 *» 




6 * 


2 " 


3Hj 

3? 

3Hj 

3b 


(8) 


where, since h = bt - P 2 *, Hj ** H 1 (b,8 2 *,t). 
Variation of Parameters: 


Assume 

x 

h 


= at + c, 
= bt + d. 


P x = a 

P, = b 


is a transformation of variables from the canonical set of equations 


3H 

3? ’ 
x 

3H 

V 


Ph 


3H 

3x 

3H 

* W 


to new coordinates a, b, c, and d. Thus, 


x = a + at + c 

h ^ b + bt + d 


p » a 
r x 


(1) c + at = 0 

(2) d + bt = 0 

(3) a = 0 

(4) b * g 


c » c. 


b n -gt + b^ 


Sf 


+ di 


+ A 
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x = + ci 


h a - + l)jt + d] 


Return to Eq ( 8 ) Hj - g(bl: - 82 *) 


a = a* , 


" -gt 


b a -gt + b*. 


- *§- ♦ b 2 *' 


x = a't - $!' 


h = - 8L. + t 2 *t - e 2 J 


Return to Eq (7) H x = gr'2ctj - (*■>* [t 


9Hi 

“1 = 387 


-g/2ai - a 2 2 , 61 = 


/2ai - a 2 ‘ 


a 2 s 0 > 


$ 2 a 


Conclusion: The constants which appear in the solution cT 

Hamilton's equations obtained by quadratures are not in general 
canonical even though in some problems it appears so. 



HAMILTON FUNCTION FOR TRIAXIAL BODY (NO FORCES) 


Lst 


, /sin 2 4» cosjjA 

fC« 5 \"2A 2B 


g(<jO 


H 


ir* <{> COS <> 


9 ( ccs 2 (j> . sin 2 ^ 2 

-,.Je + VT2 a— + 


H 


* M cos2e p * 2 + 2C V 
+ sin 0 P ^ P6 ” sin 6 p0P $ C0S 9 

- S 1H 2 P* P » cos 6 
j7^e[p(, - P* “ s «j 2 * K f * 2 

* si S t p e(”* - p * cos 6 ) 

* * *$rV 

If A = B, f(*) = 1/2A and gC4>) = 0. and one has 

H ‘ aSS (P* ' P* cos e ) 2 * 2C p * 2 * K p e 2 

Let 


q(4>) 


cos 2 <p sin 2 4> 


/K 


2B 


26 



I 


and rewrite the general form of H. Note that q(4>) = A+B/2AB - f($) 


H " rf^ih- p * cose ] 2 *25^ 


jf^-Pe(p^ - P$ cos e ) + q(*)Pe 2 


The Hamilton- Jacobi equation may be written: 3S/3t + H = 0, where 

H « aj, a constant. 


where 


Assume 


where 


f -2 + _1 

sin 7 © 2C 


+ — ii z + q l*!) 2 

sin 6 30 h \ 3 eJ 


cos 0 = 


3S 3S 
dip ' 3 <P 


cos e 


S = SiCt) + S 2 ($) + S 3 W + s 4 ( 0 ) 


as _ dSi _ 

3t dt ■ 1 


Si » -Oit 


4-2 2 + + 


sin^e 


fe\ 2 4 -JL_fe\ z + qfeV 
\d$ ) sin 0\d0 } H \de / 


z . d 4l . ^2. cos 9 

uji d<p 

Using the quadratic formula, one may write: 


: 2 + iialife-V ♦ * a_!in!ife .\ 2 

2Cf \d* ) f ^d6 J f ^de / 


l 




29 


, ^ r (sin^v + 2 si:; 2 t ecs 2 ^ A cos ***) 

g 2 - 4qf = - Jg 

/ sin 2 4> + ccs 2 <{\ 2 _ 1 

^ AB ) = " AB 



There does not appear to be any way to separate the right-hand side 
of the precedi ig equation. 


2 esc e(o 3 - p^ cos 9) = 


. £ 

f 


P0 


-A 


4 “i 

f 


' ABf2 Pe* 


2 

Cf P 


$ 


The explicit dependence on 0 can be eliminated by using the relation- 
ship 


I>0 2 3 h2 - P* 2 " cs c 2 0 (a 3 - p^ ecs 0) 2 


which is valid for the tr ; xi.nl problem with no forces if h is 
constant. 

6 csc 2 o(a, - p^ cos 0) 2 * f 1 ” ab£ 2 Pe 2 - cf P<{> 2 + fT P0 2 

2g Aa^ 1 2 2 2 

“ f P©/ f * ABf2 Pe ~ Cf P<|> 


<(i> 2 - p* 2 - p e 2 ) = *§*- * |r(s 2 - Jg-jpe 2 ■ p* 2 



1 
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RELATIONSHIP BETWEEN CONJUGATE MOMENTA AND ANGULAR MOMENTUM 


Let 



where the Euler angles \ l>, 0, and $ are shown below, relating the 
body-fixed axes 0x'y'z' to the space -fixed axes Ox*y*z*. 



r 


and P represents the conjugate momenta matrix while H and H' represent 
the angular momentum vector referenced to space-fixed and Fody-fixed 
8xes, respectively. 
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= x5 


CD 


Explicitly, 



(A sin 2 (j>+B cos 2 $)sin 2 0 + C cos 2 0, (A- B)sin <f> cos $ sin 0, C cos 0 
(A - B)sin <j> cos <J> sin 0, A cos 2 «J> + B sin 2 <}', 0 

C cos 0, 0, C 


The kinetic energy for a force free triaxial rigid body is given by 

( 2 ) 


T = 2^ h x' + 2B h y' + 2C h ?' 


where 


h x i = Auv« = A0 cos 4> + Aip sin 0 sin <j> 


hy • 


Btoy • * -B0 sin <J> * B<|i sin 0 ccs $ 

h 7 ! a CtO-t = C$ + ClJ( cos 0 


(3) 


Also, 


H 


TH' 


(4) 


Explicitly, 


h x* 

hy* 


V 

' cos \|> cos <p - sin tp sin <j> cos 0, -cos \J> sin $ - sin \J> cos (|> cos 0, sin <Ji sin 0 
sin i|> cos ♦ + cos >|isin 4>cos 0, -sin sin 4> + cos \J> cos cos 0, -cos ^ sin 0 
sin ♦ sin 0, cos 4> sin 0, cos 0 





k .. 
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j 

i 


i 


i 

\ 

\ 

r 


N T H' 


(5) 


Explicitly, 



Explicitly, 


Also, 


I 


/p*\ 

P0 

w 


h X' 


hy« 


V = 


sin (j) sin 6 
cos $ 

0 

M t H 


I 0 

COS ij) 

^sin i|) sin 0 


cos 4> sin 0 
-sin <t> 

0 


0 

sin iji 

-cos tj) sin b 



1 / \ h -J 


( 6 ) 


. \ 


0 

cos e 


/h x *\ 


hy* 


V 


h z *i 


, sin <p, ^ 

Pe cos * + j^-qCp^ - cos 0 ) | 

cos <f>, 

-Pe sin + + iure( p * ' Pe cos e ) 


= h cos 0’ 


(7) 


Consider the case in which the direction of the angular momen- 
tum vector is fixed in space. Choose this direction as an axis and 
redesignate it by the letter c. Let the line of nodes of the angular 
momentum plane (a plane through the center of mass of the body per- 
pendicular to the s axis) with the space-fixed plane x*y* be desig- 
nated by Consider the figure below. 



I 



H may be represented in the form 


H 



( 8 ) 


If Eq (6) is used with <ji and 9 replaced by <j>* and 9', respectively, 



0 

sin 4 * 

-cos <j>* sin 9* 


p^t * h cos 8' 



Since p 0 » « 0, 

, sin <t> * , ^ 

h x' = liTW** ” P*' cos 6 ) 

, cos <j>' , 

h y' = SITPIp** - P<t>' cos 0 ) h 
= P^' 


( 10 ) 


By utilizing the fact that p = h cos 9' , one can write T in the 
form 9 


T 


1 , 9 1 , o 

2A h *' + 2b h y' 



2 


T 


a 


sin 2 ^ 1 

2A 


+ 


cos 2 d» 

2B 



2 



1 

+ 2C P<)> 


2 


* Hamilton Function 


( 11 ) 
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> 

i 

i 

f 



Designate H = Hamilton function = ai> a constant of motion. 


r = 

s 


V 


3H 


3p 


4-' 


3H 

3 P** 

3H 

34<* 

3H 

34>' 


y 02) 


0 -► h = constant = p^* 


Also, 


and 


cos 6' 


E41 

h 


p e’ 


= o 


Suppose f*, p**, Pa', and p 0 < are known. Are 0, i|<, 4>, Pq, P^,, 
and referenced to some space-fixed system Ox*y*z* known? 


e * e(e',e*,4>*) 

4» - *(e',e*, ♦*,♦*) 

♦ - 4>(a' ,e*,4>*,4»') 

p$ = h cos 0' * p^. 

* h cos 0* ■ p^* cos 0* 
p 0 = cos 4. h x * + sin 4» hy* 





} (13) 


j 
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Using Eq (4) with ij>, 0, and <J> replaced by <t>*, 0*, and 0, 




/cos -sin \p* cos 

; 6* 

sin 

\J>* sin 

0 *^ 


I h y* 

= 

sin cos i(i* cos 0* 

-cos 

sin 

o* 

0 

Vi 


^ 0 sin 0* 


cos 0* 

1 


h x * 


h sin ip* sin 0* 






hy* 

= 

h cos i|»* sin 0* 

► 





h z * 

s= 

ll cos 0* 






P6 

= 

cos sin \J)* sin 

0*) 

+ sin 

t|/(-cos 


sin 


(14) 


= -h sin 0*-sin(y - 


(15) 


If p.i is known, 0' is also known. Also, 0* and ip* are prescribed 
constants, independent of ea n other and independent of 4>'> , Pa' » 

and p,.,*. Hence, ip , 0, <f>, p,p, pq, and p,j, are known. Thus, the inde- 
pendent variables 4> ’ , <(>*, p.i, p^*, 0*, and ij>* serve to describe the 
motion of the triaxial body 9 with respect to the space-fixed system 

Q X *yV 2 *, 

If Eqs (6) and (14) are used, p^ = h cos 0* is obtained. Since 
p^ does not depend on \p, p^* = h cos 6* may be written where and ij;* 
lie in the same plane. If p^* is known, 0* is known; hence, the 
independent variables (<j>', <j>*, tp* , p^t, * , and p^,*) will serve to 
describe the triaxial motion with respect to the space-fixed system 
0x*y*z*. Kinetic energy T = H (for this extended problem) is expressed 
in terms of (<*.' , <p*, \p * , p^t, p^*, and p^*) and still given by Eq (11). 
Hie canonical equations i 'n be extended to include 



9H _ 
9<J>* 


9H _ 

3p^* 


( 16 ) 


since Eqs (16) are consistent with the facts that p^* and are 
constants of motion. 
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Thus, H can be interpreted, as given by Eq (11), as the 
Hamilton function for the motion of a triaxidl body with respect to 


the space- fixed system under no 
equations are 

forces . 

The corresponding canonical 

V 

3H 

= ' 


3H 

" 3p*' 



P<J)* 

3H 

3<^* 

** 

3H 

= 3P.J,* 

► 

(17) 

• 

P^p* 

h 

ip* 

H 

<*Pip* j 



Hie differential 

equations are 

explicitly: 




• Pv 2 • V 

2-\ (A - B) 

J AB 

sin <p f cos ip' 



v 

= 0 





v 

=- 0 

- [i /s jn 2 d> 

[.C \ A 

' t cos 2 <p' 
B 

L )]>V 

► 

(18) 

** 

f sin 2 <p’ t c 
\ A 

° S2 ^P * 
B /*V 





t|>* = 0 

Then, 


V ’ v 0 c ° ns,imt 

» o 3 , a constant 

<|>* » - 03 , a constant 


(19a) 

(19b) 

(19c) 


I 


•i 
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The differential equations for p^i , and <j>* may now be written: 

V * (“2 2 - V) (tt 1 ) 51 " ♦' cos ♦’ (20a) 


** = ( 
From Eqs (20a) and (20b) , 


1_ ( sin 2 (j) 1 cos 2 ^ 1 \ 

[c " \ A B /JV 


sin 2 <j>' cos 2 <J> * 

A Bp 


dw 

w 


du 

u 


where 


W “ «2 P<j)« ‘ 

1 /sin 2 *' cos 2 <j>'\ 

u = C “ [ A + B J 

Integration of Eq (21) yields 

wu = k, a constant 

To evaluate <, it is noted from Eq (11) that 

0 . J!4li u + «2 + S2ShL) 

a l ~ 2 u + 2\ A B J 

and from Eq (22) , it is found that 


WU = K 


- “2_ - 2« 
-jr- - 


(20b) 

(20c) 


( 21 ) 


( 22 ) 


(23) 


Equation (23) permits the expression of p ■ in terms of 
first writes * 

/*• x ^11 ci I 


One 


u 

ABC 

c' 

= A(B -C) 

d' 

= C(A -B) 


a. 


m 


* 
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Then, 


2 = («2 2 - aCq^ 


P*. = °2 - 


Cu 


This last equation reduces to 


"hence , 


D 2 _ 

r - [a' + b ' sin 


[c ' + d* sin 

a' = 

A(2Baj - «2 2 ) 

b' 

o 2 2 (A - B) 

c' = 

A(B - C) 

d' = 

C(A - B) 


( 24 ) 


V 


/ 


r C(a' ♦ b 1 si-aV) 
c* + d* sin 2 <J>' 


( 25 ) 


t 



APPENDIX 


ON A METHOD OF OBTAINING A COMPLETE INTEGRAL 
0 • THE HAMILTON- JACOB I EQUATION ASSOCIATED WITH A DYNAMICAL SYSTEM 


Philip M. Fitzpatrick and John E. Cochran 


Consider a dynamical s/stem whose equations of motion are 


*i 

Pi 


3pi 

3qi . 


X— 1 , 2 , « . « ,n j j • i * |ii (1) 


whe~e the Hamiltonian, H - ;p - ;t) , is understood to be a function 
of the generalized coordinates, q-, and their conjugate momenta, Pj , 
j=l,2,...,n, and possibly the time, t. If one-half of the integrals 
of Eq (1) have been obtained in a suitable form, there is a well-known 
theorem, due to Liouville, 1 which may be used to find the remaining 
integrals. The purpose of this note is to point up the related, but 
perhaps not so well-known fact that a method of obtaining a complete 
integral of the Hamilton-Jacobi partial differential equation asso- 
ciated with (1) is implicitly contained in the theorem. Since a 
complete integral of (1) will permit us to express the solution of 
(1) in terms of canonical constants of integration, recognition of 
this fact is of importance in studying perturbations of the original 
system. The method will be discussed and applied in what follows. 

Suppose that n integrals of a dynamical system with 2n degrees 
of freedom are known in the form 

♦ifoj'.PjJt) a ai» i*l,2,...,n; j*l,2,...,n (2) 


1 E. T. Whittaker, A Treatise on the Analutijal Dynamics of 
Particles and Rigid Bodies (New York: Cambridge University Press, 
1959), pp, 323-325. 



where the form a set of n independent constants of integration. 
If the Poisson bracket expression, vanishes for each i and 

j and if the 4»^ are solvable for the p^ in the form 


Pj — ^qj jt^ , l— l,2,...,n, j— l,2,...,n (3) 


the Liouville theorem states that the difference between 

n 



and ff (<ij ;cts ;t)dt is the perfect differential of a function W(ojjoj;t) 
and that tne remaining n integrals of the system are given by 


f~- = Bi, - i=l,2,...,n* (4) 

®°i 

where the form a set of n constants of integration which are 
independent of each other and of the set formed by the o^. 

To say that 


n 

V 


^jfjdqi - fl(qj;aj;t)dt, j=l,2,...,n (5) 

is the perfect differential of a function W(qj;aj;t) means that 


aw 

a qi 

aw 

at 


f i ■ Pi* 

-H 


1 = 1 , 2 , . . . ,n 


( 6 ) 

(7) 


Thus, implicit in the Liouville theorem is the fact that the func- 
tion W is a complete integral of (7) which is the Hamilton-Jacobi 
partial differential equation associated with the system. 

When the n integrals of (2) can be solved for the q^ instead 
of the pj, i«l,2,...,n, the theorem may also be applied, if the 
canonical transformation 
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’ "i \ 

h - ' q i / ” 

to new variables (Qi,Pi) is first introduced. Even if we are not 
able to solve the n integrals (2) explicitly for the p. , or for the 
qj, a complete integral may still be obtained in certain inroortant 
cases now to be discussed. 

Suppose we are able to solve the integrals (2) explicitly for 
*(* < n) momenta and n-l coordinates. Suppose further that, after 
reordering the subscripts, the expressions for the i momenta and n-£ 
coordinates can be written in the restricted form 


Pi * fak ;t) , 

1—1,2,.*., * k<£j 

m>£; j=l,2,...7n 

= h ifam;Pk;“j;t), 

i=£+l ,£+2, . :. ,n; k>£; 
m<l; j=l,2,...,n 

By introducing the canonical 

transformation 

Pi* = Pi, <H* = q t . 

i=l ,2, . . . ,£ 

Pi* * -<ii> qi* * Pi, 

i=£+l,£+2,.. . ,n 

(9) may be written in the form 


Pi* s f i*(qj*;aj;t), 

i = l ,2 , . . . ,n ; j=l,2,.. 


( 9 ) 


} 


( 10 ) 


Equations (11) are in the form (3) and the theorem may be applied. 


Exampl e 1 : Central Orbit in the Plane, Polar Coordinates 

For a particle moving in a plane under a central force deriv- 
able from the potential V(r), the Hamiltonian function is a constant 
a i* ^ we designate by (pp,p«), the momenta conjugate to the polar 
coordinates (r,6), respectively, see Figure 1, the system has the 
well-known integrals 


Pe * a 2 , a constant 


( 12 ) 



r 



Pr 


*/ 


2[ai + V(r)] - 


r 2 



From (5), we write 

dW •* p r dr + p e de - ajdt 


(14) 


If r 0 is chosen so that no new independent constant is introduced, 
the function 


N 



♦ a 2 0 - Ojt 


(IS) 


obtained by integrating (14), satisfies (7). Also, W is a complete 
integral of (7) since it contains two non-additive independent con- 
stants Qj and a 2 . 


Example 2 ; Free Motion of a Tri axial Rigid Body 

For the free rotation of a triaxial, rigid body about a fixed 
point 0, the Hamiltonian function, which is a constant of the motion, 
aj, may be written in terms. of the Euler angles (6,4,4>), which specify 
the position of principal axes at 0 relative to space-fixed axes OgnC 
and their conjugate momenta (p 0 ,p^,p^) . See Figure 2. 




Three known integrals for this dynamical system are 2 


= 03, a constant 


(16) 


9 * tan 


-l 4 / a 2 \ - q 3 2 - Pfl 2 


- tan 


-1 J . /*z 2 -- Pi 2 - p e s 


-1 


tan 


+ tan " 1 / 


p* 

Pe_ 


- P$ Z - P0 Z 

/A\ (2B«i - ot 2 2 )C + (C - 
” \B/ (2Adj - a 2 2)C + (C - A)pJ* 


(17) 


(18) 


where A, B, and C are the principal moments of inertie ac 0 and o 2 
is the constant magnitude of the angular momentum about 0. 


2 See Whittaker, p. 325. 
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Although it is not possible to solve (17) and (18) so that 
Pa and pg are expressed in the form (3), the set of equations (16), 
(17), and (18) is of the form (9); hence, the canonical transforma- 
tion 


allows us 
from (5), 


Pi * 


qi 

3S 

P2 18 

-e 

^2 


P3 = 

p* 

q3 

S 

to write 

(16), 

(17), and (18) 

in 

we write 





dW * Pjdqj ♦ p 2 dq 2 + - 


P* 

Pe 

♦ 


the form (11) . 


ajdt 




\ (19) 


Then, 


( 20 ) 


If qiO and q 20 are chosen in a manner so that no new independent 
constants are introduced, the function 


W 





(2B»i - u 2 2 )C + (C- B)x 2 
(2Ao x - o 2 2 )C + (C - A)x 2 k 

4 


dx 


( 21 ) 


obtained by integrating (20), is a complete integral of (7). 



I 




Technical Report 


ME— (NGR-01-003-C 


I HAMILTON/ JACOBI PERTURBATION METHODS 

APPLIED TO THE ROTATIONAL MOTION OF A RIGID BOI 
IN A GRAVITATIONAL FIELD 

by 


Philip M. Fitzpatrick, Grady R. Harmon, Joseph J, F. Lii 
and John E. Cochran 


* 


Six Months Report to 

National Aeronautics and Space Administration 
Electronics Research Center r 
Computer Research Laboratory 
Computational Theory and Techniques Branch 
Cambridge, Massachusetts 02139 


on 

Grant NGR-01 -003-008 -S- 2 
(November 1, 1968 — May 1, 1969) 



School of Engineering 

ENGINEERING EXPERIMENT STATION 




Auburn, Alobamu 


Technical Report 


ME-(NGR-01-003-008) -6 


HAMILTON /JACOB I PERTURBATION METHODS 
APPLIED TO THE ROTATIONAL MOTION OF A RIGID BODY 
IN A GRAVITATIONAL FIELD 

by 

Philip M. Fitzpatrick, Grady R. Harmon, Joseph J. F. Liu 

and JohnE. Cochran 


Six Months Report to 


National Aeronautics and Space Administration 
Electronics Research Center 
Computer Research Laboratory 
Computational Theory and Technique*, Branch 
Cambridge, Massachusetts 02139 


on 

Grant NGR-01-003-008-S-2 
(November 1, 1968 - May 1, 1969) 


October 1969 


AUBURN UNIVERSITY 
ENGINEERING EXPERIMENT STATION 
AUBURN, ALABAMA 36830 


y;/-i iso* 


HAMILTON/ JACOB I PERTURBATION METHODS 
APPLIED TO THE POTATIONAL MOTION OF A RIGID BODY 
IN A GRAVITATIONAL FIELD 

by 

Philip M. Fitzpatrick, Grady R. Harmon, Joseph J. F. Liu 

and John E. Cochran 

ABSTRACT 

The formalism for studying perturbations of a triaxial rigid 
body within the Hamilton -Jacobi framework is set up. In particular, «■ 
the motion of a triaxial artificial earth satellite about its center 
of mass is studied. Variables are found which permit separation, and 
tiie Euler angles and associated conjugate momenta are obtained as 
functions of canonical constants and time. 
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INTRODUCTION 


This report summarizes the results obtained on Grant NGR-01- 
003-008-S-2(ME) between November 3°68 and May 1969.* These studies 
are aimed at applying the perturbation methods of celestial mechanics 
to the rigid body problem with particular emphasis on the problem of 
motion of an artificial earth satellite about its center of mass. 

During this reporting period, the investigators were able to express 
the Hamiltonian for the triaxial rigid body in terms of variables in 
which it is readily separable. This, in turn, permits introduction 
of a canonical trans for nation to new parameters which are constants 
in the torque-free motion. The equations of transformation are then 
inverted to allow the investigators to express the original Euler 
angles and associated conjugate momenta in terms of the canonical 
constants and the time. Thus, they are able to set up the formalism 
for studying perturbations of a triaxial rigid body within the Hamilton- 
Jacobi framework. 


RECTANGULAR COORDINATE SYSTEM AND EULER ANGLES 

Let 0 represent the center of mass of the rigid body. Choose 
a space-fixed rectangular system OCnC such that the positive C axis 
lies along the angular momentum vector H and in the sense of H. Con- 
sider a plane through the center of mass and perpendicular to the c 
axis. This plane intersects the fundamental plane of the space-fixed, 
but otherwise arbitrary, rectangular frame Ox*y*z* in a line of nodes 
ON, shown in the figure. The £ axis is chosen to lie along the line 
of nodes, its positive sense being arbitrarily chosen. Then, the n 
axis is chosen to form a right-handed system. 

Let Ox'y'z' be a body-fixed (principal axes) rectangular frame 
and let $*, 0', and represent the Euler angles relating the Ox'y^z" 
and 0£nt systems. The x'y' plane will be called the body-fixed plane. 
The angle i|>* is the angle between the x* and the £ axes, measured in 
the x*y* plane while the angle 0* is the angle between the positive z* 
and t axes. 


*Work co-spxisored by Contract NAS8-20175 with the George C. 
Marshall Space Fligh. Center. 


1 




©• • 
©• - 
Ox*y*&* 

Ox'y r z' 
Oxyz . 


Angular-Momentum Plane 
. . Body-Fixed Plane 
. . Space -Fixed Axes 
. . . Body-Fixed Axes 
Angular-Momentum Axes 
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SOLUTION OF THE HAMILTON /JACOBI EQUATION 
ASSOCIATED WITH A TRIAXIAL BODY PROBLEM WITH NO EXTERNAL FORCES 


Hamilton Function and Canonical Equations 

Although the eventual goal is to give a complete discription 
of the motion in the Ox*y*z* system, the description of the motion 
will first be given in the 0£n C system. In this manner, a straight- 
forward, coherent approach to the prolem and its solution can be 
presented. 


Let 


/ 


Pe 

• 

(la) 

P *j 


r 

. \ 




C = 


(lb) 



(lc) 



(H) 


where £ represents the conjugate momenta matrix and H and H' repre- 
sent the angular momentum w.r.t. space-fixed and body-fixeJ axes, 
respectively. A recapitulation of some of the formulas from an 


I 

A 


i 



4 


earlier report ( Some Suggested Approaches to Solving the Hamilton- 
Jacobi Equation Associated with Constrained Rigid Body Motion, Januaiy 
1969, pp. 31-35) is given below to help the reader follow the subse- 
quent discussion. It should be pointed out for anyone who has a copy 
of the referenced repw.'t that H should read H* through Eq (6) ; the 
other notation is correct. 

One has 


p - xe 


( 2 ) 



/(A sin 2 $ + B cos 2 $) sin 2 0 + C.cos 2 0 (A-B)sin^ cos$ sin 0 C cos ♦)/}> 


(A - B)sin 4 cos 4 sin 0 
C cos 0 


A cos 2 <|> + B sin 2 4 0 

0 C 


l 


or 


( cos^icos^ - sintysin$cos0 
sintycos^ + cosij>sin$cos0 
sin t sin 6 


H* = TO' 


h *' 
“x 


(3) 


h * 

y 

h z *J 


>cos^sin$ - sin\|»cos$cos0 
•sin^sin$ + cosij)cos<j>cos0 
cos $ sin 0 



P » N t H' 


(4) 



5 



or 


P » m t h* 



0 

sin i' 

-cos ^ sin 0 


and from Eq (3) , 


or explicitly, 


H" * T X H* 



AxA 

v 

wi 


pe cos * + ■ p * cos ®) 

-p 0 sin <|> + ff~|(p^ - P* cos e) 

p^ a h COS 0' 


In the 0£nC system the angular momentum can be written as 



If Eq (5) is used and <|>, 0, and ^ are replaced by 4*, O', and 
respectively, then 


(5) 


( 6 ) 


( 7 ) 


6 



0 

COS <J>* 

sin sin 0' 


0 

sin 

-cos sin 6' 


or 


P$* = h 
P 6 ' = 0 


p^,- ■ h cos 0' 



Similarly, after Eq (8) is used and with 0, and $ replaced by $*, 
0', and respectively, from Eq (6) one has 



sin $ 
cos 0 



- p$* cos 


O') 



cosjT, 
sin 0'vP<|>* 


- p^' cos 0') 



= p<r 


(9) 


Using Eq (9) , coupled with (8) , the kinetic energy (the Hamiltonian 
function) of the rigid body can be written in the form 


T 3 2A + 2B h y ' + 2C* “ H 


or 


H 3 T 3 £2 §F L )(p$* ' P**) + 


where A, B, and C are the moments of inertia of the rigid body 
referenced to the principal axes Ox'y'z'. It is assumed that 

A > B > C 

The associated canonical equations are 


( 10 ) 


( 11*0 
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y « 


(iib) 


= • w s 0 

(lie) 

n 

*j* 

* h 2 ^- ” x) s ^ n cos s * n2e< * "k s * n 

(lid) 


p e - * 0 

(He) 


COS 0' = 

h 

(Ilf) 


Description of the Motion in the 0x*y*2* System 

A set of relationships is given which allqws the description 
of the motion in the space-fixed system (^, e, <j>, p^, pg, and p$) 
to be obtained completely from the description of the motion in the 
body-fixed system ($*, e', , p$*, pe'» and p$'). 

From elementary trigonometry, 


cos 6 * cos 0' cos 0* - sin 0' sin 0 * cos 




sin 0 

9 

sr 

- cos 

*?■ 


sin 0 * sin 

0 

O 

0 

/ — \ 
*e- 

1 

**) 

s 

cos 


- COS 0’ 

sin 

0 

sin(^» - 

♦*) 

9 

sin 

♦* 

sin 0“ 

sin B' cos 

0' 

cos («f» - 

n 

9 

cos 

0 * 

- COS 0 

sin 

0 

sin($ - 

n 

9 

sir 

♦* 

sin 0* 




cos 0 


COS 0 


(12a) 


(12b) 


(12c) 


Wit 1 Eqs (3), (4), and (5), the variables p^, pg, and p* can be 
related to the variables p^-, p^*, $*, and $*. Explicitly, 
these relationships can be written as 

P 0 " “ P$* sin 6' sin($ - $') 

p^P * h cos 0* 

p* - p*' 


(13a) 

(13b) 


w 
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Since 0* and are prescribed constants, independent of each 
other and independent of 4>*, 4>', p^*, and p^', the independent quan- 
tities ($*, 0*, p,},*, and p,*') serve to describe the motion 

of the triaxial body in the Ox*y*z* system. 


Generator and Equations of Transformation* 

The Hamilton-Jacobi equation associated with Eq (10) is 


fsin 2 <fr' cos 2 <J>' 
A + B 


Was \ 2 /as \ 2 l /as \ 
j^a<J.*J ‘ + 2C\W') 

I. • 


2 3S rt 
+ at a 0 


from which the generator S of a canonical transformation is to be 
determined. A complete integral S of Eq (14) can be obtained by 
separation of variables. It is found that 


S = -a^t ♦ h<j>* + a 3 i(i* + Sj($') 


where 


®3 * PiJ>* 


are independent canonical variables. The function S^') is related 
to a* and h through the expression 


f 

'lC*') - I P(/,' c 


where 


P$' ■ * 


fjp + b' sin^4,'\ 

^^c' ♦ d' sin 2 $'J 


*The variables ($*, <J>', 0*, p^*, p^-, p^*) in which 6* is 
replaced by cos _1 (p^*/h) are introduced here (see "Perturbation of 
the Force Free Motion of the Triaxial Rigid Body, page 20, for 
justification) . 
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a' = A(2B ai - h 2 ) 
b' * h 2 (A - B) 
c' = A(B - C) 
d' * C(A - B) 

The complete set of transformation equations from 
♦ '» Po»*> P 4 ,* * P$') to («!, h, a 3 , Bj, 0 2 * ® 3 ) is obtained from 
Eq (15). The equations are: 


• t - L(n 


» MU') - ♦* 


= 


*§_ * ± Jcf a' + b' sinV 
f \c" + d' sin 2 *' 


where 


L(*') 


*ab^t ijuo 


M (*0 - cglsU') 


I2U') 


/(a' ♦ b' «in z O(c' ♦ d' sinV) 


!$(♦') 


ffA - B)s_ln 2 <fr' - Ald»' 

b' sinV)(c' ♦ d' sin**') 




I 


In three of the six Eqs (20) , the right-hand sides are pre- 
ceded by * symbols. The choice of the sign in these equations is 
determined by the choice of sign for Also, 

P = M t H 


COS <t>* 


sin 


sin sin 6' -cos sin 0“ cos 0* 


0 (23) 


hence , 


p^' = h cos 0' 


Thus, the sign of p^- depends upon whether cos 0' is positive or 
negative. It is assumed that 0 < 6' < u/2. Therefore, Eqs (20) 
and (21) become 


t - 0i ■ L($') 


(24a) 


♦* + ^2 = M($") 


(24b) 


0 3 » -\Jl* 


(24c) 


Ll a '+ b' sin 2 <j>' 

C \P ♦ d' sinV 


(24d) 


(24e) 


i.* * cu 


(24f) 


LUO « AB^C I 2 UO 
MU') » -h/ET 1 3 U') 


(25a) 

(25b) 


I 
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INVERSION OF THE SOLUTION FOR THE TRIAXIAL RIGID BODY PROBLEM 

WITH NO EXTERNAL FORCES 


Equation (24) must be inverted to express the variables ($*, 
t't ♦*» P^* > Pa', p^*) in terms of the canonical constants (<*i, h, 
03, Bi< $2* 63) and time The inversion is shown below. 


Inversion of the Equation t - Bi = L(<j>") 


Since it is assumed that A > B > C, the quantities b c', and 
d", given in Eqs (19), are positive. The quantity a' may be either 
positive or negative. In what follows, it is assumed that a' >. 0. 

From Eq (8) , it is noted that 


since 


a/ 

b" 


< 


c' 

T 


2Cai _ ACtox% + BCu) v % C^h)y.^ 
h* ' A 2 uy& '+' B 2 Wy^ + 


( 26 ) 


where u> x -, Wy*, and w 2 > are components of the angular velocity w.r.t. 
the primed system. 


For convenience the following parameters are defined: 


n l 


b" 


2 _ 


n 
€ 
k 

g 

k' 


a' + b' 
d' 

c' + d' 


/Ta' + b')(c' + d') " B/(A - C) (2A ai - h 2 ) 




A - n£ 
s /l - k* 


(A - B)(h 2 - 2Coi) 
(B - C) (2Aoi - h 2 ) 

[EE - Q 

\A(B - C) 

fl A - C) (2BO! - h 2 
Y (B - C) (2A0j - h 2 


(27a) 

(27b) 

(27c) 

(27d) 

(27e) 

(27f) 


1 


12 


! 

X 

I 


I 


I 


i 

I 


2 2 

Clearly, 1 ^ > n 2 > 0; thus, 0 < k < 1, and k" is real since 

a'/b' < c'/d'. 

To cast Eq (22a) into a more convenient form, a new variable 
is introduced by the equation 

a = + v/2 (28) 

It follows immediately, by substituting a and the parameters 
in Eq (16) into (22a) , that 


I 2 (D s 


where 

«o * 


f 

K I r( a )da 
<*o 


*o + */ 2 


(29) 


r ( a ) “ /(.l - n<[ sin*a) (l - n| sin*a) 


(30) 


Since the lower limit of integration of Eq (29) may be taken to be 
an absolute constant, <|>q = -v/2 is chosen; hence, a 0 s 0. Therefore, 


i 2 (n = 



(31) 


In what follows, the formulas which appear in Byrd and 
Friedman [1] will be referenced. Such formula numbers will be 
indicated by prefixing the numbers with the designation B-F. 


Using B-F (284.00) and Eq (24a), 

f 

I r(o)do - gu - (t - Bi) 


or 


(32) 


U ■ Xt ♦ c 


(33) 
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where 

X H g^AB/C 

e 

Also from Byrd-Friedman, 


sn*u 


[sin(amu)] 


/ 


(2Aai - h 2 ) (B - C) 


ABC 


= -A01 


2 _ 


(1 - n$)sin 2 a 
1 - n£ sin 2 a 


Solving the above equation for sin a, one writes 



snu 

sin ° * 7! -rtt&r 

and 

z 

A - nS cnu 

COS a =. L> ■ ■ fr ■ ■ 

/I - ngcn 2 u 

where 

cnu = cos (amu) 

and 

sn 2 u + cn 2 u = 1 


(34a) 

(34b) 

(35) 

(36a) 

(36b) 

r 


Since a * + tt/2. 


sin Q' * 
cos = 


/l - n? cnu 

I ■ 'll ■■/- ! I — -L ,J .J* > 

7l - n^cn^u 


snu 

/l njfCn^u 


(37a) 

(37b) 


tan <p' - 


cnu 
g snu 


(37c) 


The quadrant of is uniquely determined by studying the signs of 
cnu and snu. 

Equation (37) is not in a convenient form for calculation since 
powers of t appear in the expressions for cnu and snu. TTiis difficulty 
can be avoided by introducing theta functions. From B-F (907.01), 
(907.02), (907.03), (900.04), and (901.01), for |u| < K', 

3 5 

snu * u - (1 + k 2 ) yp + (1 + 14k 2 + k 4 ) j^p 

7 

- (1 ♦ 135k 2 + 135k 4 ♦ k 6 ) yp 


+ • • • 


(38a) 


14 


cnu * 1 - —■ + (1 + 4k 2 ) ^ - (1 + 44k 2 + 16k**) 

21 41 D I 

+ (1 + 408k 2 + 912k 4 + 64k 6 ) . 

dnu » 1 - k 2 ~ + (4 + k 2 )k 2 

21 41 

- (16 + 44k 2 + k 4 )k 2 77 “ 

6 ! 


where 


K' s K(k') 




W ■■■■} 


+ 17071 


k " s < k2 < l ) 

If B“F (1050.01), (1052.01), and (1052.02) are used, then 

t k' A * 7 cos y t q 2 cos 3y + q 6 cos 5y •»■ « « 

* g sin v - q^ sin 3\> + q b sin 5v - • • 


where 


\» - JL- u 

v 2K 


(38b) 


• • 

(38c) 


(39a) 

- sLv_ , 

*^1 - k 2 sin 2 v 

(39b) 

W 

r 


(39c) 


(39d) 


(40) 


The series (c) of (39) for computing q converges rapidly. Hence, 
the angle can be expressed in terms of canonical parameters and 
time through Eq (37) and can be computed by using expression (40) . 


Inversion of the Equation + Bi g M($") 

By using Eqs (27), (28), and (30) and recalling that a 0 ■ 0, 
Eq (24b) can be rewritten as 


i: 

1 : 

1 


T 
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+ p 2 s -h*^ 5 | [(A - B) cos 2 « - A]r(a)da 


From Eq (32) , 


f 

) I cos 2 a 


♦* + B 2 - v (t - B x ) - h^(A - B) 


Using B-F (284.08) and (432.03), Eq (42) becomes 

♦* + 8 2 - | (t - Bx) - (*)». - uA 0 (B,k)] 


r(a)da 


where 


8 = sin' 


- Y 2 


= ‘ r^nf 


(44a) 


(1 < -y 2 < *) (44b) J 


and the functions 0 5 and A 0 are defined in B-F, Sections 430 and 
150, respectively. Since u = X(t - B i D , it can be written 


where 


♦* + 62 * M* (t - Bi) -57 («5 " u ) 


M * = F ' W [1 ‘ A ° (e ’ k) l x 


Expressions for and 6 " 

By applying Eqs (27) and (37) , Eq (24d) can be written as 


V ■ 


2 + k 2 cn 2 u)* s 


From B-F (121.00), one has 

dn 2 u ■ k ' 2 + k 2 cn 2 u 



1 
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Hence. Eq (47) takes the form 




/z(p + b')(l - nj) 


dnu 


V 


C(2Aa 1 - h 2 ) 


A - C 


dnu 


and since p^- = h cos 6", 
cos 6 ' - 


h 


V C ( 2 Aa i - h 2 ) , 

kV- CT " dnu 


(49) 


( 50 ) 


Inverted Solution for the Triaxial Rigid Body Problem 
with No External Forces 


The general solution for the triaxial rigird body problem with 
no external forces can then be summarized as follows: 


tan if,' 


cnu 
g snu 

yfc’ 7 cos v + q 2 cos + q 6 cos £v + 
g sin v - q 2 sin 3v + q 6 sin 5v - 


♦* + h * - h) - 2iK Q 5 - u) 

r - e 3 

V - 

p$* a h 
P^* a 03 


(51a) 

(51b) 

(51c) 

(Sid) 

(Sle) 

(51f) 


This solution coupled with Eqs (12) and (13) gives a complete des- 
cription of the motion of the triaxial body in the space-fixed system 
Ox*y*z* in terms of the canonical constants and time. 
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UNIAXIAL SOLUTION 


By letting A equal B, ^he triaxial solution (51) can be reduced 
to the corresponding uni?ixiul solution. To distingui c h between the 
canonical parameters which appear in the triaxial solution and the 
reduced solution, the latter will be labeled with the subscript u; 
that is, ct}u, hy, a^y, Bjy, B 2 U* B?u* 


and 


For the case A = B, one has 

n| * n 2 * 0, 
k' * 1. 

snu = sin u, 

. /(2 Aa„, - h?,)(A~ 

* - V * 2c 


k * 0, 

g s 1. 
cnu K COS u, 


r 


Thus, from Eq (37e) , one obtains 


r - * 


0 


V (2Aai» - hfi)(A - C) 

A 2 C 


(t - » lu ) 


When A = B, 


B 


ir 

2’ 


M* « £jl, 
A 



(52) 


therefore, Eq (45) reduces to 


♦* “ -02U + - B,u) 


Furthermore, for A * l, dn(u,0) ■ 1, and Eq (49) reduces to 

P, ” V CfM A 1 - i ^ 


(S3) 


( 54 ) 


In summary, the uniaxial solution is given as follows: 


(A - c) (t - hj 
♦* = -62u * - 61 J 


r 

- -f$3u 

(55c) 

vy * y 

/c(2Aa lu - hS) 

f A - C 

s 

(55d) 

V 

- h u 

(55e) 


= a 3U 

(55f) 


and the corresponding generator is r 

S u = -a 1n t + h u <J>* ♦ a 3u r + ^2M iu_ - _ h ^T( r . (56) 

Through the use of Eqs (12) and (13) , the complete solution of the 

force- free uniaxial motion can be obtained in the space -fixed system 
Ox*y*z*. 

The parameters which appear in the treatment of the force-free 
uniaxial problem, given in [2], will be labeled with superscript 
asterisks; that is, a^, a 2 y, a 3 £, Biu> T 2 u> and B 3 u* has been 
shown that 

hj = 2Aa x * + ^C_-_Aj a2 *2 (57) 

The corresponding gener?tor, in which h u is interpreted as a function 
of ajy and a 2 u through Eq (57) , takes the form 

s u B "“lu 1 + ^ 2Act lu + ^^*E~^j“2u 2 ♦* + a 3u^* 

♦ *2u(*' - *o) (58) 


(55a) 

(55b) 
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After inversion, the associated equations of transformation are 


♦' - *0 

a + 

22u/ A - C 

k \ C 

) (t - 

8lu) 

• 

(59a) 


« ^ 2A«m 

. + A - C’ 

|a 2 u 2 

it - »,3 

(S9b) 

V c , 


+* 

* “®3u 



(59c) 


p<r 

= a 2u 



(59d) 


p ** = ^ 

2Aam + 

c - a\ 

a 2U 

(59e) 


c ) 


P y>* 

■ Q3u 



(59f) 

If Eqs (59) and (60) are compared, the parameters (am, a2u, 
®lu» 02u, and B3u) and (am, h u , a3 U , Piu, 62 u. and B3 U ) are 
as follows 

* 

Q3U, 

related r 


aiu 

* «lu 

' 

* 

(60a) 


®2u = y 

C(2Aa ni - 
A - C 

h ?,) 


(60b) 


®3u 

* ®3u 



(60c) 


8iu * 

o A 

8iu + XT' 

02U 


(60d) 


u 


02 u » c“ HA 3zu (60e) 

03 u * 03u (60f) 


1 
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PERTURBATION OF THE FORCE FREE MOTION OF TOE TRIAXIAL RIGID BODY 

Recalling the section entitled "Generator and Equations of 
Transformation," page eight, 9 * must be replaced with an equivalent 
parameter p^*, the momentum conjugate to i|»*, to use the canonical 
perturbation equations of Hamilton-Jacobi theory in studying the 
perturbations of the force free motion of the triaxial rigid body. 

It follows from Eq (13b) that either 0* cr p^,* will give an equivalent 
description of the motion. It is clear from this equation that the 
momentum conjugate to any angle *|> which lies in the x*y* plane is 
independent of the angle ij» and depends only on h and e*. Therefore, 

P^ = P,j,* = h cos 9* = cos e* (61) 

Thus, the six independent quantities ($*, 1 ( 1 *, P^,*, p*', and p^,*) 

will completely describe the motion of the triaxial rigid body with 
respect to the Ox*y*z* system. The Hamilton function from which $*, 

♦'» P$*> and are to be obtained is, of course, still given by Eq 
(10). Furthermore, H, as given in Eq (10), can be considered to be 
the Hamilton function of an extended system of variables ($*, i|i*, 

P$*» P$'» P^*» which satisfy the canonical equations of motion. r 


41 * 

3H 

3P<j,* 

(62a) 


3H 

' ap^' 

(62b) 


3H 

ap^,* 

(62c) 

p<j)* 

3H 

* ’ 3$* 

(62d) 

V 

3H 

“ ‘ 3*' 

(62e) 

p^* 

It 

1 

nr 

(62 f) 

subject to the constraints 



es 

constant 

(63a) 


p^* = h cos 9* « constant (63b) 


This follows from the fact that the two differential cquati-ns 
(62c) and (62 f) , which have been added to the system, are entirely 
consistent with (63) , the equations of constraint. 
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GRAVITY GRADIENT POTENTIAL FOR THE TRI AXIAL BODY 

The gravity gradient potential V for the triaxial body is 
given by 

V = - i k((A - C) cos 2 X ♦ (A - B) cos 2 B] (64) 

where k = n' 2 and n' is the mean motion of the Earth about the tri- 
axial body. A circular orbit will be considered for which k is a 
constant. The angles a, 0, and x are the direction angles of the 
line segment from the center of mass of the body to the center of 
mass of the Earth with respect to Ox'y'z', the principal axes of 
the body. Since cos 2 o + cos 2 $ + cos 2 y = 1, Eq (64) can be rewritten 
as 

V = j k(B - A) + W 

where 

K ■ (rrr) w > * »» 

and 

Wj = - | k(B - C)cos 2 x 

W 2 = |<(A-B)cos 2 a 

The expression for cos x in terms of canonical constants and 
time t is deduced in [1] and can be written in the form 

cos x a D i cos 6" + D 2 sin e' sin <{»* + D 3 sin 8" cos (68) 

where 

Dj ■ sin i sin A cos 6* - [cos i sin A cos (ft + $ 3 ) 

+ cos A sin(ft + 0 3 )]sin 8* 

D 2 ■ -cos i sin A sin (ft + B 3 ) + cos A cos (ft + B 3 ) (69) 


i 

i 


T' 


D 3 « -sin i sin A sin 8* - [cos i sin A cos (ft ♦ $ 3 ) 

+ cn? * sin (ft + B 3 JJcos 8* 

Note that Dj, D 2 » and D 3 aie functions of three canonical constants 
only, namely, a 2 * h, a 3 , and 6 3 and contain t explicitly only through 
A and ft, which are both linear in t. 


(65) 

( 66 ) 
r 

(67) 
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A suitable expresion for cos a can be derived similarly. From 
spherical trigonometry, 

. ^ 

cos a = cos cos <J> H - sin <J>' sin <|>h cos 0' (70) 

and 

cos 0,| = cos i cos C - sin i sin 0* cos(Q + 83) (71) 

Introducing 

El . cose- - *) = «* &-%»,■; y ** < 72 > 

E 2 = sin($* - <j> H ) = - s & . 1 + hi (73) 

sin 0^j 

Equation (7) can be written in the form 


cos o = E^cos cos <{•* - cos 0' sin y sin $*) 

- E 2 (cos sin y 

r 

+ cos Q' sin y cos 41*) (74) 

Note that EjandE 2 are functions of only three canonical constants, 
namely, 02, 03, and 83 and contain t explicitly only through l and fl. 

It is important to note that Di, D2, D3, Ei, and E2 do not contain 
the moments of intertia A, B, and C. Thus, these coefficients can be 
treated as constants when cos x an d cos a are expanded in Taylor's 
series abcut their values at B = A. The reason for the expansion is 
the angles <(>*, 4', and 0' for the unperturbed triaxial body are no 
longer either constant or simple linear functions of time (as was the 
case in the uniaxial problem). Thus, since difficulties are anticipated 
in the integration of the perturbation equations, attempts are made to 
linearize the arguments of the trigonometric functions which will appear 
in the integration. 


Introducing the notation 

f(x) = cos x 


g(o) = cos a 


(75) 


f(x) an d g(cO are treated as functions of B and are expanded about 
the value B » A. Using prime notation to indicate derivatives with . 
respect to B, one has 

f(x) s f(B) - f'(B)(A - B) + 'sf"(B)(A - B) 2 + 0(A - B) 3 ] (76) 


> 


I 
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where 


and 


where 


f(B) D^cose'lg^ + D 2 [sin e' sin 4 >*]b=a 


f'(B) * 


B=A 


f"(B) = 


*3 [sin 0' cos f^B*/ 



♦ D 2 ||r(sin 0' sin 

♦ *)l 

i 

^(70 

J 

B*A 

♦ D 3 j|g(sin 0' cos 

♦ *)] 

1 

J 

B=A 

+ (sin e ' 

E /\ 

sin 

♦*)1 

J B=A 

♦ ^3^37 ( s * n 9' 

cos 

♦*)] 

J B=A 


(77) 


g(a) = g(B) - g' (B u A - B) + 0[(A - B) 2 ] 

g(B) = Ei [cos 0 * cos - cos 0' sin sin 

♦ E 2 [cos «>' sin 

♦ cos 8 ' sin cos 


(78) 


g'(B) * Eijjg- (cos^' cos - cos sin sin $*)J 

+ ^[ig (cos sin 
+ cos 0“sin^ J> sin $*)J 


(79) 


B*A 


B«A 


In Eq (78), only two terms are carried since g(a) is multiplied by 
the fact r(A - B) in W. 

Equations (66), (67), (76), and (78) yield 

" * (rrt) w >“ * w » * 0 O • B)3 1 


(80) 


i 
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where 

Wiu * - y- (A - C)[f(B )] 2 

W2t - TT (A - B)j2(B - C)f(B)f"(B) ♦ [g(B) 2 ]| 

- y- (A - B) 2 |(B - C)[f'(B )] 2 

♦ f(B)f~(B)] + 2g(B)g'(B)[ 


l 


i 


These expressions for Wj u and W 2 t cari be used to study the perturba- 
tions of the variables (oj, h, 03 , $ 2 , and $ 3 ) which are given by 

the following relations 
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STRESSES IN DOME-SHAPED SHELLS OF REVOLUTION WITH 
DISCONTINUITIES AT THE APEX 


C. H. Chen, J. C. M. Yu, W. A. Shaw 


ABSTRACT 


Asymptotic solutions to Novoahilov's equations of shells of revo- 
lution are derived, for axis ymne trie and first harmonic loadings , The 
solutions obtained are valid throughout the shallow and nonshallow 
regions. 

Stresses in dome-shaped shells of revolution with a discontinuity 
in the form of a circular hole; or a circular rigid insert) or a nozzle, 
at the apex have been investigated. Numerical results axe obtained for 
spheres, ellipsoids, and paraboloids, containing a discontinuity under 
an internal pressure and a moment* Good corrolation between theoretical 
and experimental stresses is obtained for the spherical shell. Curves 
depicting stress distributions are given. The influence of three types 
of discontinuity on the stresses of the shells is also investigated, 
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I* INTRODUCTION 


Background 

(A) General Theory 

The basic equations of the linear theory of thin elastic shells 
have teen well developed 11-5 )*• These equations Involve the deformation- 
displacement relations, the equations of equilibrium and relations 
between forces, moments and the deformation parameters* The derivation 
of these equations and methods for effecting solutions, especially the 
deduction by means of complex transformations to a fourth order system 
of differential equations, an briefly outlined In the Appendix* 

(B) Shells of Revolution 

The basic equations for shells of revolution can be deduced from 

those of the general theory of thin elastic shells by proper choice of a 

coordinate system and Lame' parameters* There axe several methods of 

reduction of tlie baslo equations to a system of equations from which 

* 

solutions can be readily derived* 

Axlsymmetrlo Doformatlon 

Reduction of the basic equations to a set of two equations which 

I 

relate the rotation $ and the transverse shear N^ was first obtained by 
Reissnerl6)for spherical shells and generalised by Meissner l?) for shells 
of revolution* The procedure of this derivation is also given in reference 
13 )* By similar procedure, Naghdi and DeSilva(8) extended the work of 

* Numbers inside the brackets refer to the references* 

1 
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Meissner and obtained two equations which, for uniform tnickness and for 
some classes of variable thickness, can be combined to glvo a single 
complex differential equation. Novozhllov(2) , from the approach of the 
complex transformation, obtained a single differential equation, which is 
valid only for shells of uniform thickness. 

Exact solutions to these equations have been derived for seme parti- 
cular classes of shells of revolution, such as circular cylindrical shells, 
conical shells and spherical shells 12, 3*51 • of which the curvatures of the 
generators of the middle surfaces are either zero or a constant. When the 
curvatures of the generators are functions of position, as is the case in 
ellipsoidal, paraboloidal and other shells of revolution, the exact solu- 
tion becomes prohibitively difficult. Development of approximate solutions 
such as asymptotic solutions is indispensable to the analysis. 

The method of asymptotic integration has been widely applied to 
obtaining approximate solutions for shell equations, which for shells of 
revolution may be transformed into the form 

-eg .(**•>■*,<•>)•» (i-i) 

where A is a large parameter. The asymptotio character of the solutions 
of Eq.(l-l) as a approaches infinity can take many different forms 
depending on the properties of p(9) and q{9), However, three oases are 
usually encountered in tho equations of shells of revolution. The first 
oase, the so-oalled classical type, is an asymptotio solution of Eq.(l-l) 
in whioh, on some interval OjdOrtg, p(9) and q(9) are both bounded and 
p(9) is also bounded from aero. The second ease is an asymptotio solution 

of Eq.(l-l) containing a turning point. In this cose, p(9) vanishes at a 
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point 0 O within the interval 9 £B 7 t such a point is called a turning 
point* The third case is an asymptotio solution of Eq.(l-l) containing 
& singular point. In such a case, there exists a point 9 Q in the interval- 
0 ^ 0£ at which q(0) may have a pole of first or second order and p(0) 
contains as a factor (0 - 0 Q ) a where a is a real nonnegative constant, 
and p(0) and q(0) are "both "bounded in the rest of the interval. The solu- 
tions of these three cases have been investigated extensively by Langor 
and Olver (lO,ll} * The first case occurs in the differential equation for 
shells of revolution with two open edges where the region of interest lies 
in the nonshallow region (large values of 0)* The second case occurs in 
the differential equation for toroidal shells, and the third case is encounw 
tered in the differential equation for dome-shaped shells of revolution 
where the region of interest lies in the shallow* region (small values of 
0) including a singular point at the apex* 

Asymptotic integration of the third case has teen applied to the 
investigation of ellipsoidal, paraboloidal and other dcme-shaped shells 
of revolution, Naghdi and DeSilva (12) applied this method to the study 
of deformations of ellipsoidal shells of revolution .of uniform thickness 
under axisymmetric loading. Solutions valid in the shallow region were 
obtained in terms of Kelvin functions* Clark and Reissner(l3) obtained 
the solution based on the bending theory for complete ellipsoidal shells 
of revolution subjected to internal pressure by the use of small- parameter 
expansion* Deformation of paraboloidal shells of uniform thickness 
subjected to a load uniformly distributed over a small region about the 
apex and damped at the open edge was studied by DeSilva and Arbor (It) * 
Study of dome-shaped shells of revolution subjeoted to axisymmetrio loading 





was made by Baker and Cline [ 15 ] , and Steele and Hartung [l6] . 

Application of the first case of asymptotic solution which is valid 
only in the nonshallow region va3 made hyNovozhilovinthe study of non- 
shallow shells of revolution under axisyametric loads* 

Nonsymmetric Deformation 

There are three basic procedures in reducing the basic equations of 
shells of revolution subjected to arbitrary loads. In the first of these, 
the basic equations are reduced to three differential equations which relate 
the displacements u, v and w. This procedure was employed by Vlasov (l] 
and Donnell II?) in deriving tho governing equations for circular cylin- 
drical shells* Stelle (18) also used the same procedure for reduction of 
the basic equations of shells of revolution under nonsymmetric edge loads, 
and obtained, by neglecting the transverse shear terms in the first two 
equations of equilibrium, throe differential equations which relate the 
displacements u, v and w. The membrane and bending solutions that are 
valid throughout the shallow and nonshallow regions were obtained by means 
of asymptotic integration* In the second, a stress function is introduced 
and the governing equations are reduced to two differential equations which 
relate the stress function F and the normal displacement w, Reissner (19J 
employed this method and obtained a set of two equations for email defor- 
mation of shallow spherical shells. In the third, the basic equations 
are reduced by means of complex transformation developed by Kovoshilov (2) 
to two differential equation which relate to two com; x functions. The 
procedure of derivation i3 given in the Appendix and in Chapter II* 

Asymptotlo solutions to Novozhllo/'s equations valid in In the nonshallow 
# 

region were derived by Sohile (20J for external loads Inoluding (a) sinusoi- 
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dal loading and (b) higher harmonic load distribution. No literature- on 
solutions to Novozhilov’s equations that are valid in the shallow region 
is. known to the author, 

(C) Application 

Numerous investigations have been made on the application of the 
solutions mentioned previously to engineering structures. Attention hero 
will be limited to dome-shaped shells of revolution having a discontinuity 
of the typesj (a) a hole} (b) a rigid insert | (c) a nozzle attachment* 

The problem of the stress distribution around holes in shells ha3 
been investigated by a number of workers. Hemispherical shells with a 
circular opening at the vertex subjected to axisymmetric self -equilibrating 
forces were studied by Galletly (2]J , An elliptical opening in a spherical 
shell under internal pressure was investigated by Leckio and Payne (22) who 
expressed the equation in elliptical coordinates and obtained the solution 
in terms of Mathieu functions. For a more general case, Savin (23J investi- 
gated the stress distribution around an arbitrary hole with smooth con- 
tour in thin shells and obtained solutions to the shell equations which 
had been transformed by the use of conformal mapping into a coordinate 
system such that along the contour of the hole one of the coordinates is 
constant. The general method was described and appliod to a cylindrical 
shell with a circular hole and to a spherical shell with either a circular 
or an elliptical hole. Further studies 124) were made of a spherical shell 
under internal pressure weakened by an elliptical hole, square and tri- 
angular holes with rounded comers. 

Spherical shells with & oircular rigid insert have been considered 
by Bijlaardl25) and, with an olliptical rigid insert, hy Leckio and Ifeyne 
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[22), and Foster 126). 

The effect of local loading on spherical shells in which external 
loads are transmitted from a nozzle radially attached to the shells has 
been investigated extensively by Bijlaard 12?) and Leckie and Fayne 128) • 
Studies of the case in which the nozzle is obliquely attached to a 
spherical shell were made by Johnson 129J and Yu, Chen and Shaw [30) . 

All the investigations mentioned here are restricted to shallow shells 
with a hole or a rigid insert, the size of which is small compared to the 
radii of curvatures of the shells so that shallow shell equations hold 
for the problems under consideration. The case of a nozzle attachment has 
been also limited to nozzle-to-spherical shells. 

As far as the author knows, little attention lias been given to 
systematic studies of stress distribution in nonshallow shells of dome 
shape around a discontinuity of a size which is not necessarily small 
compared to the radius of curvature of the shells. 


t 



Statement of the Problems 

• 

Investigation of the following problems is suggested upon the review 
made in the preceding sections 1 

(1) Derivation of solutions to Novozhilov's equations for shells 
of revolution which are 1 valid in the shallow end nonshallow regions under 
axisymmetrio and first harmonic loads. This extends the work of Novozhilov 
who derived the equations and obtained solutions valid only in the non- 
shallow region. The developnent here also differs from that of Steele in 
that it does not neglect the transverse shear terms in the first two 
equations of equilibrium. 


* 
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(2) Application of the solution derived in (l) to the study of the 
stresses in the vicinity of a discontinuity at the apex of dome-shaped 
shells of revolution under external loads Including (a) internal pressure 
and (b) a couple applied to the discontinuity. The discontinuity is in 
the form of a circular hole, or a circular rigid Insert, or a nozzle. No 
restriction is placed on the size of the discontinuity in relation to the 
radius of the shells. Application to discontinuities is embedded in a 
uniform treatment and includes discontinities in geometries on which 
little information is available, 

(3) Analysis of the influence of the different types of discontinui- 
ty on the stresses of the shells. 

For systematic study of thqse problems, the procedures for the reduc- 
tion of the basic shell equations to a fourth order system of three equations 
are briefly outlined in the Appendix, Farther reductions to a second 
order differential equation in terms of a complex force are derived in 
Chapter XI, Solutions to this equation valid in the shallow region are 
derived in Chapter III using the method of asymptotic integration,’ , 
Applications of these solutions to the study of problem (2) are 
investigated in Chapter IV in which the boundary conditions for each of 
the appropriate cases are derived. The study of problem (3) is given in 
Chapter V, 



II. GOVERNIG DIFFERENTIAL EQUATIONS 


A second ordor differential equation governing the deformation of 
dome-shaped shells of revolution and of circular cylindrical shells will 
"be deduced from the system of differential equations (A-27) for both 
axisymmetrlc and first harmonic loads. 

Shells of Revolution 

The coordinate system chosen for shells of revolution will be 6 and 
^ which determine the position of a point on the 'middle surface (Fig. 2 -la) 
Let R]l be the radius of curvature of the meridian = constant) and R 2 

be the length along the normal to the middle surface between the axis of 
revolution and the middle surface* R 2 is sometimes referred to as the 
second radius of curvature. Thus, the first fundamental form of the 
surface is (Fig, 2 -lb) 

(ds) 2 b (RjdQ) 2 + (R 2 sin 0 d<f >) 2 ( 2 -l) 

By comparison of Eq, ( 2 -l) with Eq.(A-l) for shells of arbitrary shhpe 

* 

one sees that 


*» « e, 

A i ■ R i 

The last two of the conditions 
satisfied, since Rj_ and R 2 are 
reduces to 


• i 


( 2 - 2 ) 


Ag m R2 sin 0 

of Gauss-Codaasi, Eq.(A- 2 ), are identically 
functions of 6 only. The first condition 


(R 2 sin 6)' 


■ R^ cos 8 


(*- 3 ) 


"1 

i 

1 


e 
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where the prime indicates differentiation with respect to 0* By use of 
these relations, £qs.(A-27) and (A-29) as given in the Appendix are 
expresses by 


1 oft cotO / : f » t . c sf 

30 " R t 1 1 2 R z 5mQ 9$ * R l 'd 9 * ~ *1 


-1-4 +2 S * 


n. 


R: 90 




R 2 Si »$ Of R]Sto$ 9<t> 




(2-4a) 


r, 


+ 4- _ ic <1( T) 3 5- 


and 




90 Et 

pis i 
"t e t TTZ7, -TZ + ** 


/ CofQ ,9» 


(2-4b) 


K, a - -- / • 


Rfsm$ 9 | ^ Smo 9 ? ) R,R t ^90~ s 1 1 ^ 


R t (o * •—* — - - ?rof 5 4 — i ££, B 2U-*M)R i - 

99 Js«0 90 0 

f * -i&l-fttiskiiS-’t - **•> - ** > 

where T, Tg, and § are complex forces defined by Eqs,(A-26) j q^, qg, 
and q n are components of surface loading in the directions of STg, and 
t n , respectively) f u & t u>, k, t Y t and r are the complex deformation 
parameters of the middle surface and 0, and 3 are the complex displace- 
ments) and 

Ai > . 1 <IR,\ 9( ) . t 9*t ) /, e \ 

4( -KfWlZ * (2 ’ 5) 

. (A) Axlsymmetrlc Deformation 



AY"? , 


11 


Because of the assumed symmetry all quantities are independent of 
0, If, in addition, 

*1 - *2 ° 0 and i n a p n corstant 
then, Eqs.(2-4a) reduce to the form 

tot 0 


JL 
R , 


where 






( 2 - 6 ) 


(2-7) 


and the prime indicates differentiation with respeot to 0. By use of the 
first Gauss-Codazzi condition, Eq.(2-3), the second of Eqs,(2-6) may be 
written in the form 

*5 + 2 </f Rtsw0) 

J /?, S//70 

which, upon integration, has the solution 


= o 


s » 


( 2 - 8 ) 


/?/ J//7*0 

where is a complex constant of integration. Since , due to symmetry, 
S vanishes on an edge of 0 » constant 5^ must be set to zero. 

Next, the solution for the auxiliary functions and T- (soe Sqs, 
(A-26) in the Appendix) will be obtained from the first and the third of 
Eqs,(2-6). By use of Eq,(2-3) the first of Eqs,(2-6) may be written in 
the form 




(2-9) 
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Eliminating Tg from 2q.(2-9) by multiplying the third of Sqs,(2-6) by 
cotQ and adding it to Eq,(2-9), and multiplying the result by RjRgSin 
there results 

(R x S/»ef,)'4 RjCosQT, + icR,R t stnQ(-jp f - cot o &( T )) " R,R a cose p (2-10) 

The first two terms of Eq,(2~10) may be combined to give 
(Ri sine f, )' + R t cos& T, • -J— ( R 2 s,»*Q f t )' 
and the third term of Eq.(2-10) can be shown to be equal to 

Thus, Eq.(2-10) reduces to 

( R a sin* 6 T, /- *< ( smo cosO f’) » pl^RgSmO cosO (2-ll) 

Now, introduce a function 0 defined by 

Q u R. 3i»*0 % - sc smO coSO f* (2-12) 

Rt 

E?-,(2-ll) becomes 

Q ' a pR,R a smQ cose 

. ^ 9 

It follows upon integration that 

u « c t + | Rlsw‘6 (2-13) 

The fourth of Eqs,(A-26), i.e., 

« 

f = f, * % (2-14) 

cam be substituted into the third of Eqs « (2-6) to eliminate Also, 
cam be eliminated by using Eq.(2-12), The final result of this manipula- 
tion is a second order differential equation on T which cam be written am 


I 


ir 


13 


or after rearrangenent 

f ■ ' + |f *-#•- )f '+iJ£ f - /-£? C 2 -^) 

1 n» A| A,* 


where 


s>»‘6 


(2-16) 


Thus, the axisymmetric defcraatir-n of shells of revolution under internal 
pressure reduces to the so?.ution of the second order differential equation 
(2-15), Eqs , (2-12) and (2-14) can te written as 


f, * i-freotor* *L_ 

"» /?2 S /« 2 0 


r 






(2-17) 


1 



Ik 




~ ~~ l~- ( M/'- /7*)1 - . — i — / f _ Y» \ 

- *Jr~ (»*-8) » —i—cf - T *> 

^r/?a •> • i ) 

The last one of Eqs.(2-19) nay he written in the fora 


(2-19) 


- ” - « ) “ 7^* f f, - T, *) (2-20) 

Comparing this equation with the third of Eqs.(2-19), one observes that 
tiiese two equations are compatible only if 


~ [ R , ton 0 ( f, - T, ¥ ))' 3 f 2 - T* t (2-21) 

is identically satisfied. Eq.(2-2l) f upon substitution for and ? 2 by 

their expressions from Eqs.(2-17) and with the consideration of Eq,(2-15) j 
becomes 


t-P “ TT •* * -js* I Rg ton6(~- - T*)]'a f £ T\JL cot 6 T* 

*• R * ****** ' J R z s,n*9 * 0 9 7 

This equation is satisfied if 




and 


Rg sm*Q 

F « T* + 


U 


( 2 - 22 ) 


Rg Jin* 9 


T,*+ T, 


Comparison of the first of Eqs.(2-22) with the third of Eqs.(2-18) yields 

U * u 


from which it follows that 

5g m Cg » real constant 


J 


15 


(B) Non-symnetrlc Deformation - Edge Loads only 

In that which follows, equations will be developed for the non- 
symmetric deformation of shells of revolution due to edge effects only. 
In addition, deduction to a single second-order differential equation 
will be obtained for the special case where the resultant edge loads 
consist only of moment. 

Since the surface loads q^, q^, and q n are zero, Eqs.(2-4) become 


JL_23 

R, 96 


Kz 


+ l 21 t ; j 

R t Sin$ Qf 1 ft* 96 


O 


JL ll , ^ CciQ 5 + 1 + • j - 9 f 

Rt 80 Rf R g s//i$ 9 1 Rf m»& 9f 


Jl 

R, 


+ -ic 6(f) 


■ O 


(2-23) 


Following the procedure of reduction to a single second-order differential 
equation for symmetric deformation, one may introduce, on the basis of 
Bqs,(2-8) and (2-12), two auxiliary functions 


U 9 Rt 7* - i e 
y * R\ St**0 § 


(2-24) 


Eqs,(2-23), through certain manipulations with the help of Eqs.(2-3) and 
(2-24), may be reduced to the following system of three partial differen- 
tial equations (2) of which the first two involve two unknowns 0 and T. 


*1 iSkz&M 

9* R, 90 


- ic RgCotO 


80 * 


0 


(2-25) 
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where 

C,t , « t t \ £l s JH± V. } ) 4 L 

R,R t s>ng20'> R, 2 9 * R t Si»'9 2 


(2-26) 


Thus, the analysis of shells of revolution subject to any type of edge 
loading has been reduced to the solution of the system of Eqs.(2-25), 
However, the following will be restricted to the case where the resultant 
edge load at 8 ■ 8 0 (near the apex) of a shell of revolution is equivalent 
to a moment. For this particular case the auxiliary functions 7, 0 and 
7 may be expressed as 

T » ^*(0) 

Q a U *(9) COSf (2-27) 

/ S V'lO) *t»<p 


Substitution of Eqs,(2-27) into Eqs,(2-25) yields 

f ♦(■fc-TfcJsfc*. 0 ' (2-28) 

where 


<r,( )- L l£L*!2l t yr’ f ( j (2-29) 

R,R t »»0 l R, ‘ } ) R t s,»*6 * 1 

The first two of Eqs,(2-28) may be uncoupled by subtracting the second 

equation from the first and then introducing the new funotlon 

JV - 0* ♦ it f* (2-30) 


into the result. In this way there results 

(2-n) 


j 
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Expanding this equation with the help of Eq.(2-29) one arrives at 

(2-32) 




SinQ 

It stay be verified that one of the solutions of Eq.(2-32) la 

' RztmO 

The second solution may be obtained by assuming 

A 


W 


R t sin 0 


(2-33) 


where A is a function of 0» Eq.(2-32) upon substitution for from Eq, 
(2-33) reduces to the form 


(—1 A')'* 0 

1 R, si/tff 


from which it follows 


^ o B, + B t J R, smQdO 


Thus 


tv 


(2-34) 


— §1 4 — £<?_ f R,stftQd9 

Rg si/10 Rg s*h 0 * 

Eliminating 0° in the second of Eqs,(2-28) by its expression from Eq.(2-30), 
one arrives at the following differential equation in a single unknown f° 

C 7 l R, R t ' sm*9 7 m “ c * R, “ 
which may be written in expanded form 


whs re 


** c 7 UA tT< F ‘ 


(*-35) 




( 2 - 36 ) 
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Ones 0° and f° have "been found the auxiliary function V° can ho 


found from the third of Eqs.(2-28). It is noted that, hy letting c « 0 
in the third of Eqs.(2-23), the first of Eqs.(2-24) and Eq.(2-30), one 
arrives at tht membrane theory solution* 

JV 


U * » W. 

.» _ w 


• » 


V 


r, sin'e * 


V 


S'* - - 


Rj 

IV' 

R,s>"9 


(2-37) 


And Eq,(2-36) becomes 

F,m - rr -> T? 

There remains the evaluation of the displacements which fof tthis -■parti- 
cular problem are assumed to be 

U a U t (O) COS $ 

F « (9) 0 (2-38) 

a m a, 10) CO30 

On substituting these expressions into Eqs,(2-4), a system of equations 
relating the complex displacements u^, v^, to the complex forces is 
obtained 


3m 9 


v, * u, <^9 + w, « -Jh- ( 

"i ( 


iv/- s, y 


(2-39) 


— f — ( f* - tt** \ 
c£* 1 7 * r * } 

■R[hi ( < 'O - ^ - * > ■ < ?;•- r;’) 

iti( & ♦ * » - SJTS? ( I*- ) 
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This completes the reduction of the basic equations of the general theory 
to the governing equations for shells of revolution pertaining to investi- 
gation stated in Chapter I, 

Circular Cylindrical Shell3 


The coordinates identifying the position of points on the middle 
surface are or and A (Fig, 2-2) and r Q is the radius of a circular cross 
section. Thus, the first fundamental form of the surface is 

(<#S>* « (Id* )* 4 >* (2-40) 


from this one may verify that 

«i • « , * t a a 

At ■ At a ft 


(2-41) 


Hence, the differential equations (A-27) for complex forces may bo written 
in the form 


21 , ll 

•• Vfl 24* Qfi 

Tt 


• % r * 
- 



where 


(2-42) 


4 b 4 ■ 12(1 -//*)(■£)* 
&( > » 


lfL > 4 ) 

®a* 


(2-43) 


-3/5* 

^ ■ f, ♦ T f 

The oomplex forces in these equations are related *0 the foroes and 
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a 



Fig. 2-2 t Cylindrical Coordinate system 
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moments by the following expressions 

* - - 2 b* 

' T ' 9 T > ~ l T. 

■r -r* M -A*Mt 

Tt » >t- l ~j: ,-yUt 


(2-44) 


s - s + ; 


2b* 


r. /-// 

Also q^, qg and q n are the components of the surface loading in the direc- 
tions of eg and e^, respectively. 

The relations (A-29) between complex displacements and complex forces 
for circular cylindrical shells (taking into account Eq,(2-4l) and 
R 2 ■ r Q ) may be expressed in the form 


5 „-L ( 2£ -,«£). JSJ^HLs 

n ' dfl ?a ' Eh 

i , f. T », 

4* ©e»* £h 4 ( 2 7z > 

J a _ / e f e tV 5 \ — ! ?b* . 4; —.a, > 

1 V «/» (94 “ ) 01& J 

r « - -1 . 7 ) .-£i£! / 5 . c«* 5 

r* »«r 34 ( s 5 } 

(A) Axis ymme trio Deformation 

On account of the assumed symmetry all quantities are independent of 
fi , and q£ ■ 0, Thus, Eqs, (2-42) reduce to 


(2-^5) 




m / 

$ * o 


( 2 - 46 ) 


Vsp *•-?.* 

The prime indicates the derivative with respeot to «• From the second of 
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Eqs, (2-46) one obtains, in view of symmetry 


s . c 1 . 0 

N 

CM 

The first of Eqs, (2-46) gives 


1 

i0" 

0 

(2-48) 


Eliminating T in the third of Eqs, (2-46) by its expression in terms of 
and taking into consideration Eq.(2-48) one arrives at a second order 
differential equation for a single unknown T 2 

Tt ■* t > * T 2 = i Zb* far* •* r.% (2-49) 

The displacements can he obtained from Eqs.(2-45) which, for this 
case, reduce to the form 


i 7 

i* * 


(2-50) 


(B) Non-symmetric Deformation 

Eliminating S from the first two of Eqs.(2-42), there results 


.,f, ii!l „ rl 2lt„2l») 

2* 9/3* * ( 9/l 3° ' 


(2-51) 

Substitution in Eq,(2-5l) for T 2 by its expression from the third of Eqs, 
(2-42) yields a fourth order partial differential equation in a single 
unknown T 

"<t >+ %£ IM M < 2 * 52) 


Thus, the analysis of the non-symmetric deformation of a circular cylin- 
drical shell has been reduced to the solution of this equation. Once 9 
has been obtained the complex forces may be found from the following 
equations 1 


i 
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f, ■ f - f,- f- in 


(2-53) 




*?* 


As was done in the non-symmetrlc deformation for shells of revolution 
the problem will be restricted to that of pure bending. For such a case 

*1 • «2 " % * 0 

and the complex forces can be assumed to be 

f *» T*f«> , f» = 7/ftf) res/3 

(2-54) 

% sff (*) cosfl » S = S*(e») s/»/5 

On substitution in Jq.(2-52) for T by its expression from the first of 
Eqs,(2-54) , there results an ordinary differential equation for T° 


T m +[i2b*- 2 ) ?•* = o (2-55) 

where the prime denotes differentiation with respect to d # 

The complex displacements for the given case are assumed to be of 
the form 

U a U,(*)<OSA t V a 9,(*) Smfi * IV a W ',(<*) <Oi /t (2-56) 

On substituting these expressions into the first three of Eqs,(2*45) the 
following equations are obtained for the determination of the complex 
displacements u^, v^, and w^, 

<V - £ ( V -* T; ) 

• -if, 4 ff/ a S* 


1 

! 
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III. SOLUTIONS OF THE GOVERNING DIFFERENTIAL EQUATIONS 


In this Chapter solutions are obtained to the governing differential 
equations derived in Chapter II. In addition, formulas for forces, 
'moments and displacements are listed in tables. 

Shells of Revolution 


(A) Axisymmetrlc Deformation - Internal Pressure 

The analysis of shells of revolution under internal pressure has 
been reduced to the solution of the second order differential equation 


(2-15) 

r*u* ■?cr' )at0 ~~K.) f ' f “Tt‘ Fw 

(2-15) 

where 

• 



- v*v 

' ( 2 - 16 ) 


0 ** c t + t 

(2-13) 

• 

2 ■* 

It is noticed that the coefficient iRq/^c of T is a magnitude of order 


R/h, For convenience of analysis this coefficient Kill be expressed in 
terms of a parameter A 


where 


R,* 

* 


i A* 



A* = —j* = J7 TTT-ai 1 ) 


(3-D 

(3-2) 


and R 0 is the minimum radius of curvature of a shell of revolution. For 
thin shells A* is a large parameter. 
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(a) Homogeneous Solution 

It is well known that a second order differential equation of the 


y* + + $(*)(/ a a 


may be reduced to the form 


by the transformation 


where 


f* 4 W(X) J st O 


y * £ (x) «7(x) 


f * y e 


/*/* </x 


»<*> 

Now, let 7 be the solution of the homogeneous equation 

r * **’■$' T = « 

Applying the results shown above to Bq«(3-5) one obtains 

£ # + m(6) £ = 0 


where 

e = 7np\iS\ a-g-iiatt—gut « 

(3^« 

«.(«)> i A'-& r + S'ctf, 4 2&f 

/?*/?# 4 5t/t*9 R t iiA*9 2R, + ^ir 

The condition of Codazzi has been used in the above transformation, 

It is noted that the coefficient m(9) contains a singular point at 
9 ■ 0, which characterizes solutions of Eq, (3-6) as two completely dif- 
ferent types. The first type is an asymptotic solution of classic type 
which is valid only in the nonshcllov region, i,e, large v*luC4 of 9, 
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The other type is an asymptotic solution valid in all regions including 
tlu singular point 0=0. Attention here will be directed more to the 
second than the first, since the problem of interest is that of the stress 
distribution near the a’Tex which belongs to the second type. 

As regards the first type of solution, comparison of the magnitude 
of each term in m(0) shows that, if the region of interest lies in the non- 
shallow region, the first term is 0(.'* 1 ) and the remaining terms are 0(l) t 
provided the shell is sufficiently smooth so the 1 the derivatives of R^ 
and Rg have the same order of magnitudes as R^ and Thus, Eq,.(3-6) 


may be written in the form 

!’.|i ? = o (3-8) 

Through the use of the transformations 

and by neglecting terms of order A* in comparison with unity, Eq. (3-8) may 
be reduced to a familiar form 


+ f, = O 


which has the solution 


Expressing this solution in terms of the original variables $ and 0, one 


obtains the solution of Eq,(3-8) 

• i/» 

B p P ^ A 

i * I -*$-) e 


where 


( 3 - 9 ) 




/ 

» 



Hence 
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( c,e 


ri- ( 1-J 


)n 


+ C 2 e 




7f 


] (3-10) 


' Rf* sm' f iQ 
In which C x and are complex constants of integration. 

As regards the second typo of solution which is valid in the entire 
region including a singular point 8=0, it is necessary to rewrite 
E<l*(3-6) in the form 


V + ( i * z 'I' 2 (9) -t A. 9)) £ =o 


(3-H) 


where 


1 2 _ 


r; 


R * Rl t (3-12) 

X_ / J?t _ i ifgj? ) - -Bl coto + -A - JLiJOl ) 

»*0 K R, 4 J 2R, 2R, 4 ‘ R, 1 


n ~ $in*Q 

It was shown by Sanger ( 9 ) that there exists, corresponding to Eq,(3-ll)» 
a related differential oquatlon whose solution is asymptotic with respect 
to the solution of Eq.(3-ll) » Tho domain of validity of this asymptotic 
solution depends on the function in the cofficient of $ , i.e,,vf\8) and 
>, which meet the following requirements 1 . 

(i) Within the interval 1^ which includes a singular point 0 O , +*(9) 
is of the form 

+*(0) = = (O-O,) 

with d being any real positive constant. 

(li) Within I 0 , A (8) is of tho form 

_A» ^ _ ®» 


A(O) « 


-*• c,(o) 


(0-0,)* lo-ej 
with and any constants and C^(9) Is analytic and bounded 
uniformly with respeot to A in Ig. 


T 
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If the constants and are both zero, the differential equation will 
be defined to be normal. Thus the normal form of the differential equa- 
tion which reflects the foregoing requirements can be represented by 

c% 4 jjToji ° (3 “ 13) 
If «, and are not zero, the differential equation may always be norma- 
lized by substitution 

$-e m « % - z* u 

Then, according to Langer the functions 


(3-14) 


are the solutions of the related differential equation 

X"* ( ; + n<8>) i = o (3-15) 

where li(9) is analytic and bounded with respect to A in Igj J^(o) and 
Yf(<r) are Bessel functions of the first and second kinds and 

f = c/d , c 

r» J. - (3-16) 


t 

i, 

.j. 4 

a ^ 2 (6) G 2 


It 


, Ye<«l 


e - c/d , 


c * ( / - 4A t ) 


ft i 

1 


de 


It will be shown that the functions in the coefficient of ( in Eq. 
(3-11) satisfy the requirements stipulated above, provided the shells are 
smooth at the apex, i.e,, if 

R^, 1*2** as 0+0 
or more specifically, if 

R 2 /Rl 3 1 * f(e) sin 2 e (3-17) 

where f(0) is analytic and bounded in Ig. For suoh a shell 
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R£ = R^( 1 + f sln 2 0 ) + R x ( f sln 2 0 ) ' 

By use of tho condition of Codaszl and Eq.(3-1?) the preceding equation 
nay be written in the form 

O', - ---- f -f StnQCOSQ + ( -fsm 2 e )' J (3-18) 

As an example, shells of revolution generated by rotation of the second 
order curves 

/?* 

*'» “ ( I *♦ / sin*Q) 3/i 

R* 

*2 ^ 


(3-19) 


C / + rsm 3 0y /2 

satisfy the condition given by Eq.(3-17). In fact, these curves generate 
the classes of surfaces including (i) sphere for Y a Oj (ii) paraboloids 
for ra -1| (iii) ellipsoids for * >lj and (iv) hyperboloids for r<-l. 
By use of Eqs,(3-1?) and (3-18) A(0) in the second of Eqs,(3-12) 

reduces to 

(3 * Z0) 


where 


Al /o| . JL 4 -A- JL(.J&)+ l — - 


and is bounded in Iq, and Eq»(3*'-»-l) becomes 

To make this equation fit tho form of Eq. (3-13) » a new independent 

variable x will be Introduced 

x « sin 0/2, dx • |(1 - x 2 )^ d0 

Thus, Eq.(3-2l) bocomoa 


i 

* 
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(3-22) 

Now, by meanu of tho transformation 


€ » £ < »- x'/* 

Eq, (3-22) reduces to tho desired form 


whore 


-♦ ( < A 1 —SjL - 4 — L_ 4 A I ) £ a o 
</X* 1 '-X* 4X a ** * 


l , t , 9 _£_ L_\ 

/- X* * ^ Ar 4 4 /-X* ^ 


(3-23) 


(3-24) 


(3-25) 


is bounded in |x| < 1, i.e, t 0 ^ 0 <w , Prom this one finds 


Cult -4A,)/* a o , 


t * c/ d s o 


<Ts 4 




It- 


Jx 


/^A / -=Ik=?dO aj*IJ 

4 


where 


W 7 * 

4(«* a/* 7=-^.- 

Thus the asymptotic elutions of Eq,(3-24) are given by 

( 


(3-26) 


t, 

ft 


-**'.)* , * 


/-x* 


j ,(<4) 


which, in terms of ? , becomes 


i* 


r.c^D 




(3-2?) 




n) 


(3-28) 


Jo(^'l) an* Y (i*q) are Bessel functions of the first and second kinds 
which are the solutions of the differential equation 


If’ * ■£• y’ * sy •» 


(3-29) 


* e 
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Since these solutions are not tabulated for complex arguments, they will 
he transformed to modified Bessel functions which are well tabulated in 
terms of Thompson functions * To do this, let 
n • i Vt y 

Equation (3-29) is thus transformed to 


£!L +J.JJL 

dy* X d)r 


-1 


which has solution 


o 


y « A ■* Q Ko(. x) 



where I n and K A are modified Bessel functions of the first and second 
o o 

kinds and ate related to Thompson functions by 


L(/‘ 7 n) - Bern - / B(?4 7 

, (3-30) 

KtO'n > -kern - * kei n 


Using the relation between ? and 7 given by Eq,(3-7) one finally obtains 
the solution of Eq.(3-5) to bo 


7 



K<ri n ) 

< 


(3-31) 


It was shown in (9) that for A >> 1, Eq,(3-3l) furnishes asymptotic 
solution of Eq.(3-5) to within terms of relative order 1 /a uniformly on 
an interval 0« provided the function \j[0) *« 0(1) on the interval. 

(b) Remarks on the Characteristics of the Solution 
The following observations on the characteristics of the function 
axe of importance. 

(i) The coefficient outside the bracket of Eq.(3-3l) is & non-zero slowly 
varying function of 0 while the terms in the bracket vary rapidly with 


i 
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respect to 0. In view of this fact, this coefficient may he regarded as 
a constant in performing differentiation, admitting the same order of 
error as the asymptotic solution. This consideration results in a great 
algebraic simplification. 

(ii) The order of magnitude between j and its derivatives obeys the 
relation 

7" a a 0(7') = a* 0(f) 


Thus, the differential equation, Eq.(3-5)» Is essentially equivalent to 
the following in the non-shallow region. 


(iii) Let 


f" 4 i A* f = o 


h, 


s 



V4 

) ( 


n 

A SirtO 


'/2 

) 


By regarding as constant in performing differentiation i* may be shown 
from the property of Bessel function that the solution f given by Eq.(3-3l) 
satisfies the differential equation 

7* + 4 7' + ; A 2 ift* 7 * O 


Transition to this equation from Eq.(3-5)» i»e., 

7'+[{2’&-1)cot°--& ;a'^* 7 « O 


is made possible by the assumption that the shell is smooth near the apex. 
Thus, in the 7* term, one may approximate Rj/ft? by unity and neglect the 
terms of 0(9) in comparison with l/0, since thM term is significant only 
in the shallow region. However, it should be noted that one can not make 
the same approximation on the last term, which is of the order • 


i. . 
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Since in the expression for i.e., 

tot a JkJ*L. 

flo Ri 

R^/fyj may ho far removed from unity in the non-shallow region. 

(c) Reduction to the Solution of Spherical Shells 

The solution for the spherical shell is obtained from Eq.(3-3l) by 
letting 

R i “ r 2 " R o 

and i} s Afl 

Thus. Eq,(3-3l) reduces to 

M3«r>* 

If attention id restricted to shallow spherical she 11s, then, one may write 

= 9( r + 4i ••)-©( '■» O(AT')) 

. 31 

which may be approximate by 9 within an error of 0(Aj if 9 is restricted 
to the interval 0^0 $9^ = 0(p=r) . Thus, the standard solution for shallow 
spherical shell is obtained (19) , 


K,li‘t>i) 


(3-32) 


- - (s) 

(d) Complex Forces 


4 

n) 


(3-33) 


With the solution for 7 , the complex forces are ready to compute. 
In the following the manipulation will be performed only for the solution 
associated with B. The other solution may be simply obtained from that 
associated with 5 by replacing K. with I 0 and Kg with Ig, 


7t a 'Jr cot 9^* a § t cot 6 fit K t (3-34) 
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7, « j- = 8 tf,l «r8/r;i (3-35) 

Upon separating the real and imaginary part of Eqs,(3-34) and (3-35) and 
applying the definition of complex forces and also Eq.(3-3°), the forces 
and moments are obtained which are listed in Table 3-1 • 


(e) Particular Solution 


Let t be. the particular solution of the equation 


where 


1(2^' - J f '4 /aVt mjtyFM (2-15) 

* 

F(8) - R, p - l-jjr - Tg-) * T ’* T «* (2 ' l6) 


c 2 + y /?/ ^ *0 


1/ 

R,s»)*d 


Tg • R?p- 


Rt Sm*9 


(2-13) 

(3-36) 


The constant C£ will be determined prior to finding the solution t. The 
equilibrium of the forces (Fig, 3-1) 
in the vertical direction requires 


Tt s>*9 - A/ f cos 9 » j R 2 s>"& (3-37) 
It may bo shown that the left hand 
side of this equation is the real 
part of the complex force V 8 

fc “ f'cosO (3-38) 


The second term on the right hand 



Flg.,3-1« Equilibrium of the 
forces in a shell 
of revolution 


side is deduced from 
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i 


A/j « 


1 t dM n , ; <JjL\ 
1*M R, de R, d$ ' 


which is the first of Eqs,(A-24), Substituting for T^, in Eq,(3-38). by it3 
expression from the first of Eqs, (2-17) one obtains 

U 


14 = 


fx t stnQ R t smd 
It follows from Eq,(3-3?) that 


C* P 


Cg so 

Ftt»* Rtf-lfi 

If there were a vertical force V applied at the apex, then, Cg *• V/2 tt , 
Now, return to the particular solution of Eq.(2-15)» In view of 
the assumption that and ^ are sufficiently smooth so that F(9) is a 
slowly varying function, the particular solution may be assumed to be 

t i"’ + ± i'”.. .. ( 3 - 39 ) 


On substituting this expression into Eq,(2-15) and equating to zero the 
coefficient-- of each power of A , there results the following equations 
for determination of t'% t ,M , ,,, 


Flo) 


^ W,> J 


(3-40) 


n * /, 2 1 3, ■ • • 

Having determined t‘ M from the first equation, t*'*, t < * > ,,« may be successively 
found from the second of Eqs .(3-40), However, for consistency in the de- 
gree of accuracy with the homogeneous solution only the first term of 
E<l«(3-39) will be retained as the particular solution of Eq,(2-15), In 
this way one simply identifies the particular integral as the solution of 


1 
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TABUS 3-1 


BENDING SOLUTIONS OF A SHELL OF REVOLUTION UNDER INTERNAL PRESSURE 


u ■ -jh l-jjf *M 1 1 B, Kei'/t - B, Ker'n ) 

W 1 "bA ( S ' kGfn 4 02 *** n ^ 

X,- -juft i5, (e, K* r 'n * B t Mi n ) 

3J: ]Z cot o A, [Bi kei'r) - B 2 ker'ij ) 

7 Z - i,[ B, ( *erq - <ot Q ) +6 2 ( Keirj +/j| ‘“tO Kerri)} 

M," cf, [ B,( KeJ/j cat 0 ker'tj ) 

+ B 2 Ker 1 + (/->? ) Ji? t c °t 9 KeS'ij )) 

Mi- ‘ft-lB, (M Hein - ( t-A* )Jjf c °t 0 Kor'tj ) 

♦ Bi{-#kern-(i-M)J~ t c«iO ke/tp) 

M : j\ it ( 8 , Kei'/J - B z Ker'tj ) 


TABLE 3-2 

MEMBRANE SOLUTIONS OF A SHELL OF REVOLUTION UNDER INTERNAL PRESSURE 

»< -o)*> 

" • firtUi-w-i- nJ+rt““ > J R i e-T t 'ft~ nl 4i 

r," ifRi 

T* t»/> - J? j5l 

h 1 2 ft. 
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membrane xheory, and the homogeneous solution as the solution of belling 
theory* Thus, the complex forces t^ and tg are found from the expressions 

it - 


U TX - 1 4 eot9 *' * T* 


(3-41) 


R t 3in*Q " /?, 

U *i-i, * T* 

They are also listed in Table 3-2. 

(f) Displacements 

The displacements for symmetric deformation may be found from the 
first two of Eqs,(2~19) 


+ w = Yfr ( T, -/U % ) 

u cote •» W «* ( % -M Tt ) 

Eh 


(342) 


Eliminating w by subtracting the second from the first equation and taking 
into consideration the relations between complex forces, one obtains 

"'•“(-hr) - -nr f 2 < 3J>3) 

in which 

f * J * t 

is the general solution of the governing equation (2-15). Within the 
admissible error, it has been concluded that tills solution is the sum of 
the solution of membrane theory and bending theory, 

(1) Membrane solution' 

Lot c a 0, Eq,(343) reduces to 


» (3JA) 


and 


i 

\ 
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w 3 FT*'* [{-' u l l 'i-% ) ]‘ ucotd (3-45) 

(ii) ending solution 

Upon substitution of T by f Eq.(3-43) becomes 

„ _/ 0 \ 4C(I+A*) r ■ - ■ R.* \,nt nT’ * jL. ~r 1 f'i ),£\ 

5,ne a - n — * c M/t ( 3 - 46 ) 

Exact integration of this equation is difficult, however, it is possible 
to determine an approximate solution within the admissible error, 
Observing the characteristics of the solution mentioned in the previous 
section one may write this equation in the form 

a —ffT [2cot97 + -jT/Tf -cctB7 )J 

* " tar ^ 


-.A Zl/J??4/|) / _2_) Si»0 
Eh R, ‘ /?, ' 


It follows that 


^ £ ! Hz . u \ 


and 


tv 


Eh 


~~ ( 8t*0 * j£ 7 


(3-47) 


The real parts of Eqs.(3-4?) are also listed in Table 3-1 • 


(B) Non-symmetrlo Deformation - under a Moment 


The analysis of shells of revolution subject to a moment has been 
reduced to the integration of the no sond order differential equation (2-35) 

- '*■*£*" <2 - 35) 


where 
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® a T^ s — g l S '+ §ijR, '*»>/»} 


(3-4P) 


w 


r* ML- 

* R, sm*0 


R a si/t x & 

(a) Homoger3ous Solution 

Let 7* be the homogeneous solution of Eq..(2-35), By use of the 
transformation given in Eq.(3-4) the homogeneous part of Eo.(2-35) becomes 

(3-49) 


where 


? m(0) $ a o 


5 ■ **.(-•&)* 


(3-50) 


♦ am .Jg^ K) + JL . .i(-A')' (3-51) 

The assumption that shells are smooth near the apex gives the relation 
(3-1?) , from which m(9) may be reduced to the form 

3 




r + MO) 


R„R{ 4sm*q 

and Eq 0 (3-49) becomes 
where 

ibt _ R* 


R* Rt 


(3-52) 


(3-53) 


(3-54) 


and A (9) is analytic and small with respect to A in G$9<ir , Then, 
with the procedure established in the previous section, it is found that 


I 

i 
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x 


C n U-4A,)‘ = ? , 


r = c/j 


a sj 


j to 

' x L* 


dd 


J 7 n 


where 


r 




jR>R t 


dd 


(3-55) 


(3-56) 


Thus, the asymptotic solutions of Eq,(3-53) are given by 


•f i 


I ft ft ** „ 7 


lid *n) 

k,(i‘U) 


(3-57) 





] 

l,(* n ) 

s 


t,<0> 



B 

l 

. 

k, U *n ) 


where Ip are ' v ' fi 'st and second kinds of modified Bessel function 
of order ouj. Using the relation between f and 7* given by Eq. v 3-50) one 
finally finds the homogeneous solution of Eq,(2-35) 

(3-58) 

v«r Av ^ Eq.(3~58) furnishes asymptoti. solution to within 0 ( 5 ^) on 
I*; v .. /al 0$9< it t The foregoing statements on the characteristics 
of the solution in Section (A-b) also apply to this solution, which in 
this case may be regarded as the solution of the differential equation 

(3-59) 

Tfo* terms with coefficients cotQ and .-/sin^e axe significant only in the 
shallow region. 

The complex forced* is computed from Eq,(2-24) and 7* from Eq,(2-14^ 

^ m 4 ^ ^ ~ Ifit Sn*S ft,") . 

_ ( 3 - 60 ) 

7 ; . et, i x, - i (fa, *< >1 

From the thim cf Eq^,(?-28) and the second of Eqs.(2-2^) one obtains 


7* * eotO T'-HS/?#*- t =0 


t 
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tl k/ -M, at0K ' ] °- 61) 

Separation of tie real and imaginary parts of Eqs.(3-60) and(3-6l) yields 
the expressions for the forces and moments which are listed in Table 3-3 • 

(b) Rtrtlcular Solution 


Let t bo the particular solution of Eq.(2-35)» From the assumption 
given by Eq.(3-x?) it may be shown that 


,_1 L\ t— _ __ 

' R, R t ' sm , 0 Rt 
Hence, tho expression for F^S) becomes 

F,<*> »- -jg w 

Thus, t will be assumed in the form 


t 


t *•» + ^ *'** 4 


J. 

A* 




■f ••• 


(3-62) 

( 3 - 63 ) 

(3-64) 


Substituting this expression into Eq.(2-35) and equating to zero the coef- 
ficients of each power of A one obtains fcr the determination of t‘**, tf'* •• 
the system of equations 

F,(e> 






A. / 

/fr ' $>n*d 


( 3 - 65 ) 


4 


» * t. 2, 3. 


Notice that W satisfies Eq.(2-32), which, in the expanded form, is 

IV . e 
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TABLE 3-3 

BENDING SOLUTIONS OK A SHELL OF REVOLUTION UNDER A MOMENT 


U : 

" It ( ^ ^ ( V ' ^ ' n ‘ D2 HCt ' n ) 

aw^ 

v : 

rfi ( * +A " a * ei,n ‘ Mt,n) 

j 

O/f ^ 

W : 

h ( O, Her, tj + D t Kei,tj ) 

crt ^ 

Xr 

+ 0 2 fcei.’n ) 

COif . 

V 

* D 2 (- cct 6 Her/'! •* fj? t * Sr ‘ 7 ) ) 


7 t : 

^ ( P, ( Ket, 7 ~y~ cotouei.rj 4 -^r **/ 7 ) 



♦ D t f „f« *r«r / 7 - ^ *«•/'/)) WJ <* 

7n- 

D + t>i<-**fr+J% “to * C W] 

S//» 

Mr 

Mi, n +<i-/*>Ji 2 -*9**i n - ^ 



+ P t \-K<r,n + (i-s*)J^ t <otOKei;r}- (,-#)-!- tcei^ |J 


Mr 

c ( P, { ^ ^ 0 ***** 4 "fcj V~ M) !**o k9r,n \ 



♦ ^ I-//WA7 -</-*>£ cot ° **'*•* 4 % < **'•* J) 


Mr 

« <. < ' 7k» t °> < *«•■'» -fh r ‘ t0 *"■ i > 



♦ C?, C tea# 7 -y*j~ <of 0 ke>i tj )] 

*w> ^ • 

Nr 

^ 1 ^^ ( P» 7 ” h’tr/q j 

Cosf 


Through the use of this equation the expression for computing t is obtained 
in the form 


t 


tn 






It is noted that the terms containing W* and cot6 W in the above equation 
involve a singularity (0 » 0) of one order higher than W, For the solu- 
tion given by Eq.(3-65) to be applicable in th' shallow region, a restric- 
tion must be imposed on the function f such that the order of magnitude 
of these terms is at most the order of W* The condition which is suffi- 
cient for this p trpose is 

f/R 2 » k ■ constant 

Thus, the expression for t"’ reduces to 


t tn =-2dK * R.W 


(3-66) 


However, this restriction is not necessary if the solution sought is in 
the non-shallow region. 

For consistency i« the degree of accuracy with the homogeneous 
solution, only the first ten- cf £q»(3-64 •) will be retained , In doing 
this , one essentially identifies the particular integral of Eq.(2-35) 
with the solution of membrane theory. Accordingly, one may write 


t, n rr 


S a $•» a - 


tv 

tv* 

R f $/*& 


t, » 7, 


•« 


tv 

R, Si 0*9 


(3-67) 


which are listed in Table 3-^» 


(c) Displacement s 


With the solution for ? and complex forces, the displacements may 
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W- +0 4 }R lSma j e ) 

e . s -L. JSL. , J- * ». ) 

1 E fi &n 2 Q Ri Ri 

fr*. - jL - f -L + *L \ 

* EA Sto*0 ' R, R t J 

_ ZU+A) W' 

(0 i *" - J n 

r « /?, j//t^ 

y I «"»*£ I /?, ( /?/ ; J 

li : $/sm*Q dO - cosqJr, S inO{ j <p/sw*& dO ) ^0 

*/?l SMO w*/smf 

v : J/?, 5«>e( / $/$in*OdO ) d9 

Vi : /?j ( $i/cosf + coj 9 o)"/sin<p ^ — R t un& tosoj $/ st^ 2 0 d$ 

-S">0f R, S/ng ( J <$/$/»% d$) d 9 

T* W/( /?, sm*6) 


T/t -W/(R t SM* 6 ) 

S* -W'/(R,Sine) 


*5 


be found from the system of Eqs.(2-39). The first three are 

5/ + iv, * R, *>* 

line ** + (3”68) 

J& j/ / — y oat & ** * ■ - ~ Uf at /?, (d* 
i', *y 604 y *//>$ ' A 2 w 

where and w* are related to the complex strain components by the 


relation 


( f>, «> ) a ( e,*(0)cos<? t £;<g)cos? f £°(e)si»<P ] 


Elimination of w^ from the first two of Eqs,(3-68) by subtracting the 
second from the first gives 

* 

Sma (7^-)' ' * *> *>'- K. «/ (3-«9) 

The third of Eqs,(3-68) f upon using the relation of Codazzi, may be written 
in the form 

(3-7°) 

Elimination of T^/sinS from Eqs.(3-69) and (3-70) yields after some rearran- 
gement 

v* ■%<*** (>n) 

How, letting 


Z a 


Rt s/"9 
A 2T. 


$ a A g; . <T* * *•/ 

equation ( 3—73.) reduces to 

-l%f- i . $ 0-?2) 

which takes essentially the same form as Eq.,(2-32) , Hence, the transform 


1 
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Z « 


Zt 


R t smO 

reduces Eq,(3-72) to the form 


sm*0 ( 


RfSmQ 


) ** 


from which it follows that 

f/ s * ( 3 c, + C z $R,swed9 + J* Q/siJq cfe ) dQ (3-73) 

The solution associated with and are the solutions of the homogeneous 
system of Eqs,(3-68) , i,e., solutions of Eqs,(3-68) with ** « o. 

Hence , these two solutions are rigid body displacements and will be discarded 
in the following computation. 

The displacement u^whicn may be obtained from Eq,(3-70), is 

Ut = R 2 Sm 2 e jt/s/fte do - cosO)R,SMO( J <p/sin < 0 d&)-ff 2 sin0 5> m (3-74) 


and which is found from the first of E A s, (3-68), takes the form 

W, * (*2 + Cos 6 co*)-/? t s/ndcosej $/$w*Q d$ -SmejRfimQi § ^Js^QdO 

(3-75) 



Membrane solution 

The strain components are related to the solution W by the expressions 




where 




to* m 


Eh Sm*Q K R t /?, J 

t IN , J_ x 

Bh s/a'd 1 '/?, R, ' 

£h R, sm & 


(3-76) 


W " l^Lo ( S > + *,/*! *”* '*)' 


Substitution of these relations into the expression for $ yields 



47 


* *&&&' *$* f I I (3-77) 

which are then substituted into Eqs,(3-?3) to Eqs,(3-75) to obtain the 
displacements due to the particular solution t. These displacements are 
also listed in Table 3-4* 


(ii) Bending solution 

Approximate integration of Eq.(3-7l) is possible, however, it involves 
considerable algbraic manipulation* Only some intermediate steps are shown 
below. Observing the properties of the function 5* t and the smoothness 
of the shell near the apex, one may write the deformation parameters in 
the following form 


l -J, u 4/,)< ?° » (3-78) 

® f 2( ~R t l Si" 9 ~ S'" 3 d 

Substitution of these equations into the expression for # yields 

0 * A jjfsj r') - j , <>*«-% ) 

With the observation that 7* satisfies the differential equation 

cot 0 + (/aV *- )T -o 

the expression for # reduces to the form 

from which it follows that 


(3 " 60l) 


and 


! 


I 
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J &'">*( J Sr 9 dQ > & - jj; *< ( *+*--% ) 


Thus, the displacement is obtained 

7 m J& i£ f 9 4« _ ) _£l 

v ' Eh Ri M A ' siftO 


( 3 - 81 ) 


and u x and w^ are found from Eqs,(3-74) and (3-75) » respectively, 

S, (3-82) 


*" it*' 


(3-83) 


It is noticed from Eqs,(3-8l) to (3-83) that the magnitudes of displace- 
ments obey the following order of magnitude relationships 

ir, 0(w,) , u, • -j-Olw t ) 


dor 3 * 

where y denotes one of u^, v^, and w^, With these relations at the outset, 
the displacement could have been easily obtained from the fourth of Eqs, 
(2-39) » which is 

--L/ *>-&)*, _4_/ f •_ T *'* ) 

Neglecting Q 1 in comparison with w^ from the above equation, there results 

<-f f" 

By virtue of Eq,(3-59) the preceding equation reduces to 


Eh R, J 


It follows that 
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Circular Cylindrical Shells 

(A). Axlsymmetrlc Deformation - Internal Pressure 

The analysis of cylindrical shells under internal pressure has been 
reduced to the solution of Eqs , (2-48) and (2-49) * which after dropping 
the terms containing q^ give 


T 1 m b 5 

Tj + L2b Z T 2 • 12b 2 pr c 


(3-84) 


-- - 

T s « A e 4 fie +pr, 


The last equation ha3 the solution 

M * - • % 

(3-85) 

The displacements may he obtained from Eqs, ( 2 - 50 ), which, upon substitution 
for and by their expressions from the first of Eq*,(3-84) and (3-85)* 
yield 

S • IF Si°' 4,i, )-PPr.t * S,«) (3-86) 

* - sT ( * 8 pr, - Bs* J (3-87) 

It is noted that the fifth of Eqs, (2-45) ,1s compatible only if 

$ ^ ■ t£ 

from which it follows that 

» real constant 

i 

Letting 

1 a + 1 

and separating the real and imaginary parts of Eqs, (3-85) to (3-8?), then, 
using the definition of the complex forces given by Eqs, (2-44) one obtains 
the forces, moments, and displacements as shown in Table 3-5* In which the 
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solution associated with X has been dropped by virtue of the prop rty 
that it becomes unbounded when « increases, 

(B) Ncn-symnetrlc Deformation - under a Moment 

The analysis of circular cylindrical shells due to a moment loading 
has been reduced to the solution of the differential equation (2-55) 

f" T-* (2-55) 

It follows that upon integration 

7 00 U*V-2) f » U zP-2 )(P r -*■ £^or) (3-88) 

which has solution 

- o e a " + £ e # *4 5, 5 $ a (3-89) 

where 

a •iUtP-tr (3-90) 

The complex forces obtained from Eqs,(2-53) take the form 

K f*-<;+f,)<5 r +p g a) (3-91) • 

^ * jjfr 7** 4(/ o r 5|(*) (3-92) 

With the complex forces expressed in terms of 5° and its derivatives, 
the displacements are obtainable from Eqs.(2-58) 

uf 9 "jf( 

?• * 

- Of* 9 Y m -Jj- S* 


( 2 - 58 ) 
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TABLE 3-5 

SOLUTIONS OF A CYLINDRICAL SHELL UNDER INTERNAL PRESSURE 


MM b 

u: ~ 8 4 ($inba-t «sA«f)} 


w : 

Ju f 0“^° | cos bet - B 4 sin bit J + P /# - M Bg ) 

E ft * 

V 

8* 

V 

e mb "lB s “>**><* “64 smba) * Pr o 

Mr 

. ;* { 8, smbot + 84 cos^flf J 

Mi 

-C* 1 /*? **( 83 + 84 cos bet ] 

Mr 

b 6'^ ( B 3 ( - ’"** ' J *f 84 ( + smbOt ) J 

6 * 
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Substituting in tho first of Eqs,(2-58) for T 2 by their expressions 
from Eqs,(3-9l) and (3-92) and taking into consideration that T° satisfies 
Eq.(3-38), one has, after neglecting terms of order l/b^ compared with 1 


u 


~Eh + * 5 a c)) 


Integration of this equation yields 

u, * i 5 ***) (3 ” 9 ^ 

The third of Eqs,(2-58) gives 

V * jjt OW+iQ*)) 

which yields the solution for v 1 , upon integration 

v, * ~ [<*+*% + + -jO*)) (3-95) 

Finally, is obtained from the second of Eqs.(2-58) 

* -jj- [ T*- P 7 ( HjU* jo*) + P g ( -^o 5 )] (3-96) 

It may be shown that the constants and Dg are real, This follows 
from the fi.'th of Eqs.(2-45) that it is compatible only if 

Tj* • + Djj« « real value 

The forces, moments and dis placements sure obtained upon substitution 
for T° into Eq»(3-9l) through Eq.(3-96) by its expression from Eq.(3-89) 
and then separation of thelreal and imaginary parts. The results of 
these manipulations are shown in Table 3-6 • 
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TABUS 3-6 



SOLUTIONS OF A CYLINDRICAL SHELL UNDER A MOMENT 


U : 

[- -—g e X { D s ( b t vn fa* - b, cosb t <* ) -» D t ( b t cosb t <* * b f vnbp )} 

+ "* "s* 0 * ) c«s0 

V s 

_r.*— £ - ~ d 6 •* j r #* 

£ ^ 2 b 

•» ■+ ff 5 )J 

«/>/S 

V/s 

j’ i?' i,a ( Os iosbfOt - 0* j//»A 4 « 

*%( (Z+M)« - « s )) 

cosfi 

V 

_L Pj S/fibjOl •+ D* cosbgOt ) + D r + 0$ <x 

2b* 

<*Sfj 

V 

( r? ff - Pa s>nt> t <* ) 

iOifi 

Mr 

- c* [ e ' b,< * ( P 5 + 0* MsbzOt ) - ■*■ ^0 ° )J 

<•* ji 

m 2 - 

- e* (x< e *( Pff s./7i,a •* d< cm b a <x ) + ( P r +O a a )) 

caafi 

• 

T* s 

_L e" 4 '* [O s (b, smb t d -bjCosbp ) +D 4 ( b, cosset »)]- ^ 

2 b* 

»*4 

M^ 

. e 1 ** 0 g ib, to* bjCO b, W, a ) 4 Da <-*, »*£« 

' ' <*(!-, , « 

2*» » 

mfi 

Mr 

- -£ e” 4,< * [d s - h : fin Of ) •+ D 4 (- 6, *"> fc. Of - b,Gosb t a )) 



-r*r>, J, -M;-— 'jr), r/juti-A‘j 


IV. BOUNDARY CONDITIONS AND DETERMINATION OF CONSTANTS 


As an application of the solutions derived In the previous Chapters, 
the stresses of a snell of revolution due to the presence of a disconti- 
nuity in terms of either a circular hole, a circular rigid insert, or 
a nozzle will he studied. The externa? loading is an internal pressure 
hr a moment, 

Axlsymmetrlc Dc formation - Internal Pressure 
Case ai a circular hole at the apex 


The discontinuity presented in this case is a small circular hole 
discrihed by 0 ■ 0 O , The boundary of the hole is free from stresses. 
However, the internal pressure must be equilibrated with a vertical shear 
uniformly distributed along 0 - 0 Q , The boundary conditions are (Fig ,4-1) 


at 9 . 0 (4-1) 

Ox ’ 0 

lu which Qg is the component of force 

in the direction perpendicular to the 

axis of the shell, i*e,, 

Q w T.cos 0 4 N-iSln 0 
x 1 A 

Substitution in Eqs,(4-1) for 
and Qg by their expressions from Table 
3*1 yields, for the determination of the 

5 * 



Internal pressure equilibrated 
with vertical shear acting 
along the hole 



two constants and B^, the following equations 


A -p + Aj 2 Bg ** 0 


A 21 b 1 * a 22 ®2 * "2 


(fc-2) 


where 


A„ • h , [Hein + ( l -Atig cotQ Her'q 

An * ht (- Hern * ( cote kef b J 9, 

A " * tue He, ' n \‘. ( 4 "3) 

H, * - 77*<aw«| 9< 

Having determined B^ and B 2 th3 direct stress <s 0 and the bending stress a a 
axe obtained by the formulas 


GjP ■ 7//^ 
GjB - 6M//h* 


i m L*. 


(Mf) 


Case bi a circular rigid Insert at the apex 


Since the rigid insert, by its definition, does not deform during 
the deformation of tls shell, the rotation X 2 of the shell about the line 
0 ■ 6 0 and the strain *, of the shell along the insert 0 « 9 0 should be 
sero* Thus 

* o 

at 0 - 9 0 (4-5) 

Xg * 0 

** - ( T t -/#r, )/y* 


where 


(4^) 
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and Xg Is the real part of Eq,(2-20) 

*•** 

Substitution for X 2 and. ^ in Eqs,(4-5) by their expressions from Tables 
3*1 and 3 -2 results in a system of two equations for the determination 
of the constants and B 2 

A-^i B-^ 4 A^2 ^2 a ^ 

*41 B 1 + *42 B 2 • 0 


where 


(*-7) 


3 h, [ Kerr) -Jjj* cat 9 kei'n (/+//)) 
Au • hi ( Keitj *Jj-' (t+/i)c*te ker^ ) 0, 
A41 = h t f& ker'q | ^ 

A41 * h,J& 

«3 • - 


(4-8) 


Case ot a nozzle at the apex 


The discontinuity in this case is a nozzle attached to the apex of 
a shell of revolution (Fig, 4-2) , The conditions of equilibrium and 
continuity across the jqnction of the nozzle with the shell of revolution 
at • a 0 and 0 ■ 9 Q require that the following conditions be satisfied 


Af# 8 W, t (r t ■ 4* 

Qn m ’Qt t X t • X/ 


(4-9) 


The quantities on the left of "he equal signs of Eqs.(4-9) represent the 


H 
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moment, force, strain, and rotation of the 
shell of revolution, while those on the 
right hand side with superscript c denote 
the corresponding quantities for nozzle 
(or cylinder), in which f,‘ and x| are 
given by 

*i - ( r, -mt, )'/ e k r 

x ; . -/.i* 

* h 49 

Substitution for those quantities in 
Eqs,(4-9) by their expressions from Tables 
3-1, 3- 2 and 3-5 » with set equal to £pr Q 
yields a system of four equations for 
determination of the four constants B^, B^, 

B-j and B4. 

Ajj Bj 4 Aj2 B 2 4 Aj 4 ® 

A21 Bi 4 A22 B2 ♦ A23 B3 4 A 2 4 B4 m H, 

4 (4-10) 

a 31 b 1 * a 32 b 2 * a 33 b 3 * g 3 

A^^ B^ 4 A42 Bg 4 Bj-.4-.A44, B4 ** 0 

in which Ajfc (k * 1, 2| • J « 1, 2, 3, 4) and Hg have been given by Eqs.(4-8) 

and (4-3) • The rest are defined by 

A 14 * c */° 

a 23 * • a 24 - c#b / r o 

Ajj ■ h/h* 



Fig. 4-2 1 

Forces and deformations at 
the Junction of a nozzle 
and a shell of revolution 


(4-lla,b,c) 
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■ A/|i|. t — bh/h* 

** (4-lld, e) 

C 3 . H 3 - h/h* pr 0 (l - «/2) 


Non-symne trie Da format Ion - under a Momen t 


A couple Is applied in the plane 4*0 either at the apex oi a 
shell of revolution or at the far end of a nozzle when It is attached 
to the shell. The constants , and D^, D Q which associate with the 
membrane solutions of the shell of revolution and the cylindrical shell, 
respectively shown in Tables 3-4 and 3-6 will be first determined from 
the condition of equilibrium* Notice the properties of the functions 
her, kei, which diminish rapidly when their argument becomes large* 

Hence, the bending solutions are insignificant in the range of large values 
of 0, The state of stress in this region is, in fact, of the membrane 
type. The equilibrium of moment bout the plane 0 ■ (Fig,4-3) gives 


J T, Sine(R 1 $H»oc*s<fi)R a *i»0‘tt (4-12) 


in which 


T, * T,* + 7, * T* * ov large 0 

Equation (4-12) upon introducing the exp- 
ression for T^ and performing integration 
reduces to 


TflDl+Qfj* R, sm$ d$ ) « M (4-13) 

The equilibrium of the forces in the 
direction of a 0 gives 


M 

J* t Tt <**4 - S unf )R a tm$ 44 • O 


(4-14) 



Free body diagram of a shell 
of revolution under a moment 
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Substitution for and S in Eq.(4-14) by their expressions from ra s le 3-5 
and then integration give the result that 



0 


fro® which Eq.(4-13) yields 

« M/tt 


Similarly , wlien the moment is applied 
at the far end of the nozzle (Fig. 4-4) , 
the equilibrium of moment about the 
plane and sum of the forces in 

the direction gives 


tt* 

J T,r 0 a>tfi(t,d») - M 

* O 

) ( S ufifl - A/, cosfl )r,dt3 * 0 


(4-15) 


Equations (4-15) upon substitution for 
and S from Table 3-6 and then integration 
reduce to 

vr/t D,+D t ct) « M 


Dg a O 


Hence, 


K 



Fig. 4-4 1 

Free body diagram of a 
cylindrical shell under 
a moment 


Of •Pf/(xr*) 

Case at a circular hole at the apex 

A couple M is applied by means of a vertical force distribution 
along the hole 0 • 0 O with the magnitude of M cos/ /( Rg^sin^O). The 
boundary conditions are 


m 0, Q* - 0 at 0 • 0 O 


(4-16) 


! 
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la which is the component of force in the direction perpendicular to 
the axis of the shell, i.e., 

* T, * t N, * If* )*'”* 

Substitution for and from Tables 3-3 and 3-4 into Eqs.(4-l6) results 
in a system of two equations for the two constants D 1 and D 2 


4 Ej2 m 0 
®21 ®1 4 ®22 ^2 * **2 


(4-17) 


where 


£ " - h, (*,/,* 4 f,-v*>4 I jgL- ***}]* 

B tt « h, l- ter, n + U-Aitjft { cot & kof/q -JZ _i__ k e /, n J) e- 

Eti s bijjj' -j~ ( Kti\ n -JjL cot 9 keJ, n ) e# (^ 18 > 

£u a A, yi * er, ' n cotd ker,n 


Fi » - T* COS 9/coS 4, | e# 

Case hi a olrcular rigid Insert at the apex 

As shown in Fig. 4-5 the rigid 
insert does not deform but rotates 
through an angle when the moment M 
is applied. The shell has to rotate 
through the same ahgle to keep its 
original angle between the Insert 
and the shell. The boundary conditions 



Deformation of a shell of revo- 
lution with a rigid insert 
under a moment 


are 


\ 
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(4-19) 


e t * o , y, » - \s/r» at e - e o , 

Substitution for and w from Tables 3-3 and 3*4 into Eqs . (4-19) yields 
a system of two equations for the determination of the two constants and 


E 31 D 1 + E 32 d 2 * F 3 
E 4l D 1 * B 42 D 2 • 0 


(4-20) 


where 


* A, ( krr,n~u { of o *v n ~f Q «*>', n } J e# 

S A, ( AW#// -► ( / 4/0^ j cot© A3r//jJ — 3 £ Artr/J /?}] 

£ 4l 4 lh H * r *1 I 0. 

- A, (-/^ Kei/n ♦ ke/,n] 9m 

F * * (- v */'T*)feos<t 

Case ci a n ozzle at the apex 

The boundary conditions are the 
same as those In the case c for the 
axlsymmetrlc deformation, except 
the rotation which, for this case, 

i 

is shown In Fig* 4-6 
E 1 * M l°» *t * 

«**-«*°. *2 ♦ X 2 ° . - »/r 0 

at « m 0 and 0 ■ 0 O . 



Fig. 4-6 i 

Deformation of a shell of 
revolution with a nozzle 
under a moment 


'1 
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These conditions upon substitution for the quantities M^ f Q^, 6 2 and Xg 
by their expressions from Tables 3-3 and 3-6 result in a system of four 
equations for determination of th.* four constants D l» ° 2 > D 5 and D^* 

S 11 D i + E i2 d 2 ♦ Fi l6 d 6 ■ F i 

®21 D 1 * *22 d 2 + E 25 D c + B 2 6 Dg • P 2 

(4-^3) 

®31 ®l * e 32 ®2 * e 35 + *36 * G 3 

®1 * *if 2 D 2 ^ *45 ♦ Ej^j m 0 


in which Ej^ for j ■ 1 , 2 , 3 » 4 and k p 1 , 2 and Fg have been defined in 
Eqs,(4-l6) and (4-2l), The remainder are given by. 

• ■ c*/c 

*25 ■ “ *26 * * ^2 c# / r 0 


and 


E 


35 “ 


- h/h* 


E^ m b^ h/h* 

*36 - (h/h*) p/( 2 b 2 ) 

*46 - bg h/b* 

Pi .-(l-p)/( 2 b 2 )M/(xrJ) 
G 3 ,F 3 - (h/h*)pM/(icrJ ) 


r o .R 2 »ine| 0o 


(4-24) 



V. ANALYSIS OF NUMERICAL RESULTS 


Numerical results are obtained for spherical shells, ellipsoids, 
and paraboloids, which are of common interest in engineering structures, 
of which the generating curves (Fig, 5-1) are defined by the equations 


R x - R*/(l ♦ Y sin r 0 )3/2 
R 2 . R*/(l + rsin 2 0 )« 


(5-1) 


The results are compa.'.'ed with the limited experimental data which are 
available only for the spherical shell attached to a cylindrical nozzle. 
For each class of shells stresses are computed for three different types 
of discontinuity. Physical interpretation as to the effects on the 
stresses due to the presence of a discontinuity is given with the spheri- 
cal shell under internal pressure, A study of the optimum ratio r Q /h* of 
the nozzle which makes the stresses of a given spherical shell a minimum 
has been determined. Determination of a favorable ratio a/i among* 
ellipsoids with a nozzle attachment, which contain the same volume and 
use the same amount of material, is also studied, A computer program 
feasible for all these studies has been written in Fortran IV language 
to accomplish all the necessary computation. 




Let T m 0 and R* ■ R in Eqs,(5-l) from which one obtains the equa- 
tions for the spherioal shell 
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Rl a R 2 « R constant 

The dimensions of the experimental model tested "by Maxwell and Holland 1 31) 
and the external loads are as follows t 

R - 15.255 in. h « 0. 38 in. 

r 0 s 1.281 in. h* . 0.0625 in. 

p m 200 psi H a 2,400 in-lbs. 

In all cases Poisson ratio ;u is set equal to 0.3. Comparisons of theore- 
tical and experimental stresses are shown in Fig. 5-2 for the pressure 
loading and in Fig. 5-3 for the moment loading. In general, good agree- 
ment is obtained except for of the outer surface of the sphere (Fig. 

5-2) which shows a different trend between theoretical and experimental 
stress near the junction. However, this di3crepency is rather insignifi- 
cant because of lt3 smallness in magnitude in comparison with the magnitude 
of . It is seen that better agreement is obtained in the moment 
loading (Fig. 5-3), 


Pressure Loading 

(A) Spherica l Shells 

Effect of a Discontinuity on Stresses and Its Physical Interpretation 

To study the effeot of the different types of discontinuity on the 
stresses, the numerical results were obtained for the following set of 
data 

R/h « 100, r 0 /h* * 20 

and were shown in Fig .5-4 for * .assure loading. 

Study of Fig. 5-4 reveals that the stress concentration in the case 


i W/) 



Distance along nozzle x/r Q 


fig, 5-2 1 Comparison of thoorstical and experimental stresses 

internal pressure, 200 psi. 
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of the hole is much higher than that in the case of the rigid insert. 
Presence of the hole causes large values of hoop stress c t , while presence 
of the rigid insert induces significant meridian stress 4 , 

These results can he deduced from the consideration of the defor- 
mation* Suppose that the shell does not have any discontinuity, then, 
due to the application of internal pressure, the shell is essentially in 
the state of membrane stresses for which > Tg » £ pR. Let Q x , ^ be 
the horizontal and vertical components of T^, respectively* The radius 
r 0 before deformation is stretched into r* after deformation (Fig. 5-5)* 
and the strain in the circumferential direction is equal to (1-ji) pR/2Eh, 
When a discontinuity in terms of a circular hole of radius r Q is present 
the boundary conditions imply that 

M lh * °» 9xh * T lh • 0 

along the hole (where subscript h is associated with the hole). The hole 

of radius r Q deforms into a hole of radius r Q ^ (Fig. 5-6)# which , because 

* 

of the zero value of Qxh, will be larger than r 0 * Consequently, the strain 
will be also larger than ** * From this it follows that the hoop t 
tension T 2 h(»Eh*|* ) is also larger than T 2 * 

To show there exists a moment M 2h in the circumferential direction, 

It Is noticed that 

*»» 7 l * , *** t ' '° 

From this ijt follows that 
k l • - » *2 


and 


9 Ud-ju*) 


*.) 


JhL*« 1*1 2*1 

I7M 


M tk 



T 


Inner surface 


rigid insert 


Distance from apex 0 (degree) 


inner surface 


outer surface 


nozzle 


em 


rigid, insert 


Fig* 5-4 » Comparison of stresses among different types of discontinuity 
fcr internal pressure* (Sphere, //h » 100, r^h*- 20, 0 O - 5°) 
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Pig. 5-5 1 

Deformation of a spherical shell 


Fig. 5-6« 

Deformation of a spherical shell 
with a circular hole 



Pig* 5-7» Deformation of a spherical shell with a rigid insert 
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In which X 2 Is the rotation about the line d ■ 0 C . It can be seen fro© 
Fig. 5-6 that is a negative quantity, hence, is a positive value. 
This agrees with the stress shown in Fig. The stress on the surface 

of the shell Is computed using the formula 


JL 

h 


IF 


Hence, o* of the outer surface i6 a significant stress in the case of the 
circular hole discontinuity. 

When a discontinuity in terms of a rigid insert is present in a 
shell, the strain £ 2 and rotation vanish along the rigid insert. The 
deformation of the shell:is shown in Fig. 5~7 in two steps. Because of the 
Boro strain, r 0 § ( the subscript R is associated with rigid insert ) 
must be equal to its original length r Q . To fulfil this condition, the 
horizontal force has to be larger than of the. membrane state. As 
a consequence of this larger a roation is produced as shown in Fig. 
5-7b. Since the shell has to retain zero rotation along the insert, a . 
negative moment is required to compensate this rotation. The final con- .. 
figuration is shown in Fig. 5~7o. The zero value of strain along the in- 
sert implies that 

T 2H-** T » 

To show the relative magnitude between and it is necessary to 
evaluate the change of curvature k^. 


** • x t »o 


Thus, 


Mtn “ MM, 


i* 
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Notice that is a negative value, hence, M 2R is also a negative value. 
This agree with the stress shown in Fig, 5-4, Both the ratios T 2 r /T ] lR 
aal m 2 r/^ih equal h, which is less than \ for most of the materials, 
Ilouce, e, of the inner surface is a significant stress in the case of 
rigid insert. 

Next, when the shell is connected by a nozzle, with a rigidity 
between that of a rigid insert and that of a circular hole, one would 
anticipate that the stresses of the shell would fall in between these 
two extreme oases. The rigidity of a nozzle of r^h* . 20 being used for 
computing the numerical results is rather close to the flexibility of 
a circular hole, in which case is of significance. Consequently, the 
stress of the shell should close to that in the case of a circular 
hole. This result again agrees with the stress shown in Fig, 5-4, 
However, the stress <x, does not follow this conclusion at and near the 
junction. The physical interpretation of this behavior is possible, 
however, it is complicated by the fact that four conditions are required 
to be fulfilled across the junction. Besides, the magnitude of is 
less important. No attempt is made to analyze this behavior. 

Optimum ratio r Q /h* of a Nozzle 

From the previous analysis it is understood that a discontinuity 
of a circular hole causes a higher stress concentration than that of a 
rigid insert. With a nozzle attached to a shell the stress variations of 
the shell between these two extreme cases can be studied by changing the 
ratio r Q /h» of the nozzle. It is believed that a proper choice of a 
nozzle could minimize ther. stress concentration in the shell. The stresses 
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of a shell with 5t/h ■ 1,000 have been computed foi various values of 
V h# of a nozzle and the nondimensional stresses e«/p and ^/p at the 
junction (9 ■ 5°) are plotted in Fig. 5-8* The stress «r, on both the 
outer aid the inner surface attains its maximum values at r Q /h* arouii/’. 

80, and decreases as r^h* increases and finally approches zero as r^hi* 
goes to infinity (which is the case of the circular hole). 0 t of the 
inner and the outar surface increases as the nozzle becomes thinner and 
thinner and finally approches the values of the stresses for the case of 
a cicular discontinuity as the ratio r^h* reaches infinity. The stresses 
of the shell with a discontinuity of rigid insert are shown on the left 
hand aide of the figure. The curves shown in solid lines are terminated 
at r Q /h* ■ 20 since below this value the accuracy of thin shell theory is 
questionable. Nevertheless, the curves showing the stresses in the region 
between r o /h* ■ 20 and rigid insert are connected in a manner with stresses 
obtained from thin shell theory as a guide. It is quite interesting to 
see that all curves meet at a point where the stress tf/p is approximately 
equal to 500, which is the membrane stress. At this point O, nnw * e, 
and the moment m 0. For this optimum value the ratio r^h* is located 
around 8, 

(B) Ellipsoids 

i 

When the value of r ie great than -1, Eqa.(5-l) represent generating 
curves of ellipsoids, Jr is related to the ratio of semiaxes by 



Two ellipsoids with t ■ 0,2 and >0,2 , which are equivalent to having the 
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square ratio of semiaxes a 2 /< 2 equal to 1.2 arid 0.8 (Fig. 5-1)* respectively, 
are chosen for computing the stresses. Otter parameters used axe 4/h»100, 
and r^h* ■ 20, The length of semiaxis I remains the same for the two 
ellipsoids and equals the radius R of the sphere. 

Comparison of the stresses due to the effects of three types of 
discontinuity are shown in Fig. 5-9 and Fig. 5-10 • The stress variations 
along the meridian reveal a similar pattern to those of the spherical shell 
shown in Fig. The ellipsoid with a 2 /f 2 ■ 1.2 appears to have higher 

stresses and another one with a 2 /f 2 «9.8 has lower stresses than the 
spherical shell. The effects of the discontinuity on the stresses also 
show that a circular hole type of discontinuity gives higher stresses 
than a rigid type and that the stresses for the shell with a nozzle fall 
in between. 

(c) Paraboloids 

When r ■ <>1, Eqs,(5-l) represent generating curves of paraboloids 
and are reduced to . 

R^ ■ R / cos^ 0 

Rg ■ R*/ co® 9 

R* is chosen to be equal to a 2 /2f such that the generating curve passes 
through the end points of the major axis of the ellipsoid with a 2 // 2 ■ 1.2 
os shown in Fig, 5-1, The stresses are shown in Fig. 5-11 for three types 
of discontinuity. Similar conclusions to the spherical shell axe obtained 
except that the magnitudes are lower than those of the spherical shell. 
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(D) Optimum Ratio a/j of Ellipsoids wj th a Nozzle under Internal Pressure 

It is the attempt of this section to find, among ellipsoids which 
contain the same volume and use the same amount of material, the one which 
has minimum stress due to the effect of a nozzle attachment wider inter- 
nal pressure. 

Let V and S be the volume and surface area , respectively. For a 
spherical shell having thickness h, its volume and surface area are given 

*ar , . 

V - 4 ic / 3 

S . 4 n R 2 

For an ellipsoid with its major axis as the axis of revolution, and its 
semi-major i , semi-minor a, thickness h , the volume and surface area 

axe given by 9 

V . 4 it ari/3 

d/ 

S s 2ira f fjr 

where * is the eccentricity defined by 

** a 1 - a*/t l 

The condition that all ellipsoids have the same volume as the spherical 
shall of radius R gives 



Another condition that they use tl» same amount of material as the spheri- 
cal shell gives 

47tR*ti ■ 2tt(4* ♦ sin'* ) A* 


from which one obtains, after certain manipulation 



The data chosen for this study are 

R/h « 100, rj * a 20, and 0 O s 5° 

The stresses are computed for various values of the ratio a// , and are 
shown In Fig. 5-12 for ??on the outer surface, which gives the maximum 
stress* For these ellipsoids the corre ponding ratios t/h are 

a A Vh e 

1 100 

0,8 117.03 

0.6 146.59 

0.5 170.92 

As shown In Fig. 5-12 when the value of a (i decreases the stress a t at 

the junction (0 Q « 5°) decreases, however, it increases at 0 n 90 ° where 
the effect due to discontinuity disappears. The ellipsoid which acquires 
the minimum stress falls somewhere between a// a 0.6 and 0.5. 

Moment Loading 

The stresses of spherical shells due to the effect of three types 
of discontinuity under moment loading are plotted in Fig. 5-13* It can 
be seen from this figure that high hoop tensile stress («*) occurs in the 
discontinuity of a circular hole, while the meridiem stress ( <r,) is 
significant in the discontinuity of a rigid insert, and that in the 
former case is higher than <r, in the latter case. In other word, a cir- 
cular hole causes a higher stress concentration than does a rigid insert 
in the same spherical shell. The stresses of the sphere with a nozzle 
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Pig, 5-12 * Stress distributions of ellipsoids having the sane volume 
and the sane weight* 
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attachment fall in between these two extreme cases. The same conclusions 
wore also true in the cose of pressure loading. 

The stress distribution along the meridian for ellipsoids under 
moment loading shows a pattern similar to that of a spherical shell 
except for a slight difference in the magnitude of the stresses. In 
the case of nozzle attachment, there is little difference In o, among the 
ellipsoids of the ratio a 2 /? 2 a 0.8, 1, and 1,2 with I remaining constant 
(Fig, 5-14) , However, the difference in is pronounced, which increases 
rapidly as the ratio a 2 /j 2 decreases. This result is contrary to the 
one obtained in the pressure loading, where the stresses decrease as 
a 2 /| 2 decreases. 








1 1 






VI. SUMMARY AND CONCLUSIONS 


Governing differential equations for shells of revolution pertaining 
to axisymmetric and moment loadings have been reduced from the basic 
equations of the general theory of thin shells in terms of complex forces. 

For tl ; axisymmetric case, the analysis of shells of revolution has 
been reduced to the integration of a second order differential equation. 
Method of asymptotic integration is employed. The solution valid in the 
region 0 4 0 * x is 'obtained in terms of Thompson function of order zero, 
provided the shell is sufficiently smooth near the apex. 

For moment loading applied at the apex the problem has been further 
reduced to the integration of a second order differential equation. 
Asymptotic solutions valid in the re {ion 0 i 9 < x are also obtained in 
terms of Thompson function of order one. 

Formulas for displacements, forces, and moments for both axisymmetric 
and moment loadings are also obtained and listed. Side by side with the 
shell of revolution the governing differential equations for circular 
cylindrical shells are also derived. Solutions in terms of exponential 
functions are obtained for both axisymmetric and moment; loadings. 

As an application of the solutions derived previously, three cases 
of discontinuity at the apex of shells of revolution have been st dledi 
a circular hole, a circular rigid insert, and a nozzle. The boundary 
conditions and the determination of the constants for each of the 
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appropriate cases have been derived. 

Numerical results in terms of dimensionless stresses are obtained 
for shells cf revolution having the shapes of spheres, ellipsoids, and 
paraboloids in which aach of the three types of discontinuity is present. 
Good agreement between theoretical and experimental stresses has been 
obtained for a spherical pressure vessel with a nozzle. Careful studies 
of these results reveal significant phenomena from which the following 
conclusions can be drawn i 

(1) A circular hole present at the apex of a shell of revolution weakens 
the shell more than does a rigid Insert on the same shell, that is, 
the stress concentration in the former is higher than that in the latter. 

(2) For the case °f a circular hole, the hoop stress is higher than 
the meridian stress o, , and the maximum stress (* 3 ) occurs on the outer 
surface of the hole. On the other hand, in the case of a rigid insert, 
ff, is larger than <r 2 t the maximum stress (a,) also occurs on the 
outer surf roe of the Insert. 

(3) The stresses of a shell of revolution with a nozzle attached at the 
apex fall in between the stresses of the case of a circular hole and the 
case of a rigid insert. When the radius to thickness ratio r^/h* of the 
nozzle becomes large the stress distribution of the shell tends toward 

the case of a circular hole. 

♦ 

(4) The stress concentration due to the attachment of a nozzle may be 
alleviated, to h certain extent, by proper choice of the value r Q /h* of 
the nozzle. 

(5) By proper adjustment of the ratio of semiaxes of ellipsoid, it is 


possible to obtain, among ellipsoidal pressure vessels containing the' 
same volume and using the same amount of materials, the one which has 
the minimum stress concentration die to the effect of a nozzle attached 
at the apex. 

The solutions obtained in this dissertation can be easily extended 
to include the study of the problems in which the external loads are 
one of the followings t (a) a vertical load} (b) a torsion) (c) a horizon- 
tal force, applied at the apex of a shell of revolution* The same 
computer program with a slight modification can be used in obtaining 
the stresses for these three casus of loadings* 
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where P is a solution of the equation 


The coefficients A s (z) and B a (z) are given by recurrence relations. 

It is shown that they are analytic at z ■ 0 if, and only if, the 
differential equation for w can be transformed into a similar equation 
with n ■ 0, r a 0, or n « 1, r a 0, or n ■ -1, The first two cases 
have been treated in (10) of this reference. The third case, for 
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A BRIEF REVIEW OF THE GENERAL THEORY OF THIN ELASTIC SHELLS 

The derivation of the basic equations for thin elastic shells has 
been well established and can be found in nost of the books on thin shells , 
for example, in 11,2,3] , For completeness of the text and convenience 
of application, a general procedures as to the deduction of these basic 
equations to a system of differential equations which may be readily 
applied to the problems studied here, will be outlined. The basic assump- 
tions and their consequences will be pointed cut wherever they are intro- 
duced. 

The fundamental assumptions in shell theory arei 

(a) Straight fibers normal to the middle surface of a shell before defor- 
mation remain so after deformation and do not change their length, 

(b) The normal stress acting on surfaces parallel to the middle surface 
may be neglected in comparison with the other stresses, 

(c) The relative thickness of the shell is sufficiently small in compari- 
son with unity, 

(d) The displacements are small compared to the thickness of the shell. 

In that which follows, the notation and procedures used are those 
introduced by Novozhilov(2) • 

Coordinate System and Conditions cf Causs-Codazzl 
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Let ef» m constant, constant be the coordinate lines of the 
principal curvature of the middle surface of a shell and R^ and Rg be the 
corresponding radii of curvature 
(Pig. A-l), Since the lines of 
principal curvature are orthogonal, 
the first fundamental form of a 
surface may be written In the 
form 

(d* )* > (A, d* f, )*+ (A a f (A" 1 ) 

where ds is the length of the 
differential segment of a line 
on the middle surface and Ap Ag 
are called Lame' parameters. 

The parameters A^, A 2 , and Rg are 
related by the conditions of Gauss- 
Codazzi 

±.!Jl\ a -L Ml 

eon*/?,' R, 9a, 

^ ( Al) . 4- -24 1. 

«°t l /?»' R$ 93g 

-».//, 2Aj\ , 9 ft 3A, X ArAi . 

•VlT *ai i 4 *3«ip ■ “ 

The first two conditions may be obtained from the Identity 

9*3» 9 *e H 



Coordinate lines of a surface 


(A-2) 


and the third one from 


90* 90* 
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where is a unit veotor tangent to the line » constant and is a 
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unit normal to tho middle surface (Fig, A-l), A surface is uniquely de- 
fined if the parameters A^, A 2 , R^ and R 2 satisfy the condition (A-2). 
Hence, these conditions axe usually referred to as the compatibility 
conditions of a surface. 


Strain-Displacement Relations and Compatibility Equations 


Let u, v, w be the displacements of a point A on the middle surface 
in the directions of e 1# e 2 , e n , respectively, and u a , v a , be the 
displacements of a point B on the noxmal through A, at a distance z from 
the middle surface (Fig, A-l), The assumption (a) implies that 

®31 “ e 32 • e 33 ■ 0 

Expressing these relations in terms of the displacements one obtains 



(A-3a) 


H, « A, ( i * *//?,) 
H* a A x <; 4 x/r , ) 


(A-3b) 


Equations (A-3a) upon integration Kith respect to z over (0, z) and 
use of the relation (u a ,‘ v a , w a ) « (u, v, w) at a ■ 0, yield 

u a m y + 10 

Vg mV 4 *f* (A-3c) 

*Z • It 


where 
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A, 0 ( 7 , R, 


(A-3d) 


d 1 4 JL. 

* At W 4 *, . 

Equations (A-3c) show that the variation of the displacements through 

the thickness is linear and w„ is Independent of z. 

s 

The remaining three strain components are related to the displace- 
ments by 




* / JHsu * W/- 
oo, 4 7C*7* ? * ~ 9 * * 


(A^) 


H, 

Substitution of Eqs,(A-3b) and (A-3c) into £qs.(A-4) and use of conditions 
of Codazzi yield, after certain manipulation, the following explicit 
expressions 


'H 




where 


+ * *, ) (A**5) 
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(A-6) 


and 


^ . 


(A-7) 
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It la possible to reduce the last of Eqs.(A-5) to a fora Involving only 
two parameters. In doing this, observing the Identity 


T « 




and introducing the new notations 


T • r t 4 


Z*>l + 4>t 


tO 9 

r, ♦ -=* 


x, *t 

one reduces the last of Eqs,(A-5) to the following fora 

/a " TT+Vrj 4 ^T^ zr 1 ( A “®) 


where 


e ■ w, 4 


1 A, ®or,( ,4, J + A, At ' 


7 . _ / / 9 , »v i /_ 94 * 3>v . 

Af 0®/ Ag 90, d a t 


(A-9) 


V^j A/ SO* » 9®i 7j 9<*» 

Thus, the deformation of the middle surface is completely described by 

the six parameter* * t , *>. «r, 4 ** and r , which are usually referred to 

as the defomation parameters of a middle surface, 

Hegleoting the terms z/H^ and s/h 2 In Eqs,(A-5) in comparison With 

unity one obtains the ex sessions given in I3J which differ only in 7 


I 
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from Novozhilov's expressions, i.e., 

r'. %. i,. H (A-10) 

Expanding the factors (1 + z/^)" 1 and (l ♦ z/t^)" 1 in Eqs.(A-5) In the 
form of a series in the variable e and collecting the terns in the coef- 
ficients of z° and a 1 , one obtains Vlasov's expressions tlj which relate 
Novozhilov's expressions ty 

*» • *i , *i* «"■«*», 

Jf, * (fj* t't/Rf Aj a <fj« (A-ll) 


The six parameters relating to the displacements must satisfy the 
compatibility condition? of the strains, which ure given be low 12 J 

— {A, ^ 9* ( 






pAgft) _ , SAt v 
9®, * 1 


% tA y > . * . MjI - r 


-.!■/ aiiif . - * 3*1) , O (A-12) 
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The relations (A-12) play in the theory of shells the same role as the 
compatibility equations in the theory of elasticity, the fulfilment of 
which ensures the possibility of determining displacements from the 
given deformation parameters of a shell. 



Equations of Equilibriu m 


The equations of equilibrium of a shell element may be derived in 
a similar manner as those which are derived in the theory of elasticity, 
except in the theory of shell, the stresses are replaced by statically 
equivalent forces and moments (Fig, A-2) , which are defined by the fol- 
lowing expressions 


f */i 
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Fig, A-2 
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Positive directions of 
forces and momenta 


The condition that tho equilibrium of a shell element requires that 
the resultant force and moment vanish yields the following equations 
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The last of Eqs.(A-l4) Is Identically satisfied. Tils can be verified 
upon substitution into the equation the forces and moments by their 
expressions fron Eqs,(A-13). 


Relations between the Forces , Moments and the 
Deformation Parameters 

The relations between the forces, moments and the deformation 
parameters (fron now on called constitutive equations) can be obtained 
from Eqs.(A-13)» For this purpose, the stress components in these 
equations are replaced by the strain components through the use of 
Hookah law (neglecting o„ in comparison with «.# and «,t) 

°»i * 7 ~r <*//+/«**«> 

ff « * ‘ 7~ST t e n * * e " ) ( A ~ 15 ) 

c ,k " TTt+so c,t 
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mid then, the strain components are replaced by the deformation parameters 
from Eqs.(A-5) and (A-8), On carrying out integration on the result of 
these manipulations and then, neglecting terms of the order h/R in com- 
parison with unity, Eqs,(A-13) finally yield the following relations 


T, m D t f M , T t *Dl* 2 *P* t ) 


7/a « 

T t ,n o). 

M, * Klk, ■*//*,) 

(A-16) 
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Adopting these relations one is essentially disregarding the differences 
between Tjjj and T 2 ^» and and M 2 ^. On substituting these relations 
into the last of Eqs,(A-l4) it may be verified that this equation is not 
satisfied identically. As mentioned previously, the fact that this 
equation is identically satisfied secures the syrnetry of the stress 
tensor (o„ « <? 2I ) from which it follows that Eqs , (a- 16) contradict the 
symmetric properties of the stress tensor. 

This contradiction can be avoided if the constitutive equations are 
developed from the variational principle of the potential energy by 
neglecting toms of order h/R in comparison with unity. This approach 


yield (2) 

T, • P (*, * **t). 

7j • 0 ( if + M ) . 

~ _ P( t-M) , ... . h* 

"* " 2 ^*7Wa r \ 

r u ,£!^£L (u ^^r) 

M, • t<( *f 

(A-17) 

Mi * tg 4 JUK,) 

Mn m Mgt ■ T 




104 


introducing the now notations 

S * Tit - Mtt/Ri » 7 gi ~ Mu /R, 
H m Mu ** Afr ■ 


(A-16) 


and substituting from Eqs.(n-17) in Eqs,(A-l8), one obtains 

5 * PJJ.Z.6D a, t Mm Ku-ju) r (a-19) 

* For later use the inverse relation of Eqs.(A-17) is obtained as follows i 


*» - *y(7, -/wT,), 
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Reduction of the Basic Equations to a Fourth Order System 


So far, a system of nineteen equations including six strain-displace- 
ment relations, five equations of equilibrium and eight constitutive equa- 
tions, has been introduced. These equations involve the same number of 
unknowns, i.e., six forces, four moments, six deformation parameters 
and three displacements. One now faces the problem of solving these equa- 
tions subject to appropriate boundary conditions. As in the theory of 
elasticity, there exist two methods of solving problems of thin elastic 
shells - in terms of the displacements of the mid lie surface or in terms 
of the forces and moments. Before proceeding to further discussion of 
these methods, the equations of equilibrium will be first simplified. 

To do this, the forces and Ng in the first three of Eqs.(A-14) will be 
eliminated by substituting for them their expressions as given by the 


j 

i 
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fourth and fifth of Eqs . (a- 14) , Then, taking Into consideration the 
notations given in Eq3.(A-l8) and the conditions of Codazzi, the first 
three of Eqs. (A-14) may be written in the form 


QAzT, 94 ,5 , BA, s Mi j 

9 a, '-ja/ 7rt 2 ° 9 a, * 
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Now, return to methods of obtaining solutions. The first method 
involves replacement in Eqs. (A-21) the forces and moments by their exp- 
ressions in terms of the strains of the middle surface. Then, one obtains, 
upon substitution for the strains by their expressions in terms of the 
displacements as given in Eqs.(A-6) and (A-9) a system of three partial 
differential equations in terms of the throe displacements of the middle 
surface . 

The second method consists in supplementing the equations of equi- 
librium (A-21) by the compatibility equations (A-12), which , for this 
purpose, must be expressed in torms of the forces and moments. Then, 
one obtains a system of six partial differential equations for the deter- 
mination of unknowns T^, T£, S, M^, Mg and H. 

In that which follows, attention will be limited to the second method 
of solution; Substituting in Eqs .(A-12) the strains from fiqs.(A-20) one 
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obtains the compatibility equations in terms of the forces and moments 
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The fulfilment of Eqs,(A-22) ensures the possibility of determining the 
displacements from the given forces and moments* Eqs.(A-22), after trans« 
formation employing the equations of equilibrium and then neglecting a 
number of terms of the order h/R compared with unity, can be reduced to 
the form 

<*-«> 

2dg) 


in which 


M • M, * Mg t To 7 , * T a 

Ai } ■ jjAt ( To, (jf IV )* ’hi $ -hr» 


(A-23a) 


The second term on the right hand side of tlie first two of Eqs, (A~23) is 
likewise of negligible magnitude* Thus, the first two of the compatibi- 
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lity equations can to written in the following simple form 

^A-24) 


U+M) A/» « -£• -f£- 
A t 9«i 


(I4JU) A/* * -f- -^1 
At ? a t 

The compatibility equations have been simplified in the form of Eqs*(A-23) 
or (A -24) f which will be employed to eliminate and in the equations 
of equilibrium. Eliminating from the first three of Eqs,(A-l4), letting 
Tq2 * ^21» ^* e noraa l shearing forces and ^ ty use of Eqs,(A-24), 
and from the fourth and fifth of Eqs.(A-l4) and by use of Eqs.(A-23), 
one obtains a system of six equations with the last one coming from the 
third of Eqs,(A-23) 

l jeA/K , QAtS . 2Ai « _ dAj — » / / ^ 4 4 m a 

A, A, l 9a, 4 ©a* 4 9 o, 5 9 o, '*J 4 /■*» r,a, ga, 4 *• 0 
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These six equations constitute an eighth order system and can be reduced 
to three equations of fourth order system by the use of complex transfor- 


108 


nation* For this purpose* the auxiliary functions 
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will be introduced, where 

f „ k 

Substituting in Eqs,(A-25) the forces T^, T^, S by their expressions in 
terms of ?^* T 2 , 3 and M^, M 2 » H as defined in Eqs . (A-26) * In this way 
one obtains a system of six equations from which the quantities M^, M 2 * 
H nay bo eliminated. This process leads to tne following system of 
three partial differential equations in terms cf three complex forces 
Tp f 2 , 8111(1 3# 


l r QAtt , 2A'l JAl c 2A: f \ * ■* 21. 

At At 1 ®0» 9«| 30 | 0 “ 90 * '*i * R,A, 9a, 





Equations (A-27) include the equations of equilibrium of the shell element 
and the equations of compatibility for the strains of the middle surface. 
It is a fourth order system with three unknowns* and is half the number 
of equations* order and unknowns of the system (A-25) • 
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Letting c - 0 and identifying T 2 , § by T-j*, T*, S # , repectively 
in Eqs.(A-2?) , this system reduces to the equations of the membrane theory. 


l t 2di c* — t* h ^ 
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To get a complete solution, the displacements of the middle surface 


have to be found. Define the complex d.‘ splaceraents u, v, f? which relate 
to the complex forces by six differential equations 
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In these equations *», **, u, , x gf r are related to u, v, if in the 

same way as the strain-displacement relations given in Eqs,(A-6) and 

^ ^ ^ 

(A-9) , and T^, T 2 , S are solutions of the membrane theory, i.e., of the 
system (A-28), The real parts of u, v, if are the displacements u, v, w, 
respectively. 

Thus, the solution of problems of a shell reduces to the determina- 
tion of the complex forces f '£>, 3 from Eqs,(A-27) and the complex 
displacements u, v, w from Eas.(A-29) subject to appropriate boundary 
oondltions. 

In conclusion it is noted that the error introduced in the system 
(A-27) is of order h/R compared with unity. Hence, the system of Eqs,( 

A - 29 ) are only approximately compatible with each other within an error 
of this order. 



